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Rest Mass Quantization as a Function of Spacetime Exponential Expansion Stress 
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�

Abstract 

�

7KLV�DQDO\VLV�SURYLGHV�D�JHRPHWULF�PRGHO��FDSDEOH�RI�EHLQJ�YLVXDOL]HG�LQ�WKUHH�VSDWLDO�

GLPHQVLRQV��RI�UHVW�PDVV�TXDQWL]DWLRQ�DV�DQ�HPHUJHQW�SURSHUW\�RI�D�FODVVLFDO�VSDFHWLPH�

FRQWLQXXP�E\�ZD\�RI�D�IXQGDPHQWDO��ORFDOO\�GLVFUHWH�URWDWLRQDO�RVFLOODWLRQ�WKDW�LV�D�

IXQFWLRQ�RI�WKH�H[SRQHQWLDO�H[SDQVLRQ�VWUHVV�RI�WKDW�VSDFHWLPH���$�QRQ�0LQNRZVNL�

VSDFHWLPH�LV�GHYHORSHG�LQ�ZKLFK�WLPH�LV�PRGHOHG�DV�D�ORFDO��FRPSDFWLILHG�GLPHQVLRQ�

H[KLELWLQJ�/RUHQW]�FRYDULDQFH�DQG�LQ�ZKLFK�IXQGDPHQWDO�TXDQWXP�UHVW�PDVV�� �m ��DQG�

VSLQ�HQHUJ\�� �E ��LV�D�PHDVXUH�RI�WKH�DQJXODU�ZDYH�QXPEHU�� �N ��DQG�DQJXODU�IUHTXHQF\��

�Z ��RI�D�UHVRQDQW�RVFLOODWLRQ���4XDQWXP�JUDYLW\�� �dG ��DULVHV�QDWXUDOO\�DV�WKH�TXDQWXP�

GLIIHUHQWLDO�RI�WKH�WUDQVYHUVH�ZDYH�IRUFH�RI�WKLV�RVFLOODWLRQ�ZLWK�UHVSHFW�WR�D�FKDQJH�LQ�

VSDFHWLPH�H[SDQVLRQ�VWUHVV�� �dT ���7KH�3ODQFN�DUHD�� �d$ ��LV�VKRZQ�WR�EH�WKH�GLIIHUHQWLDO�

RI�D�IXQGDPHQWDO�XQLW�DUHD�ZLWK�UHVSHFW�WR�WKDW�FKDQJH�LQ�H[SDQVLRQ�VWUHVV���7KH�VWURQJ�

LQWHUDFWLRQ�LV�WKH�RSHUDWLRQ�RI�WKDW�ZDYH�IRUFH�EHWZHHQ�WZR�RU�PRUH�TXDQWD�ZLWKLQ�D�

VKDUHG��ORFDO�ZDYH�IRUFH�GRPDLQ���7KLV�TXDQWXP�VWDWH�LV�H[SUHVVHG�DV�D�PRGLILFDWLRQ�RI�D�



���

FKDUJHOHVV�H[WUHPH�.HUU�PHWULF�ZLWK�DQ�RVFLOODWLRQ�DW�UHVRQDQW�IUHTXHQF\�RI�WKH�I�

FRRUGLQDWHV�LPSRVHG�E\�FRQWLQXLW\�FRQGLWLRQV�ZKLFK�SUHYHQW�FRRUGLQDWH�HQWDQJOHPHQW���

6XFK�RVFLOODWLRQ�UHVXOWV�LQ�D�URWDWLRQ�RI�WKH�ZDYH�SKDVH�DW�WKH�VDPH�IUHTXHQF\���,W�WKHUHE\�

GHVFULEHV�D�SK\VLFDO�VSLQRU��FRQVWLWXWLQJ�WKH�TXDQWXP�PDJQHWLF�ILHOG�DQG�WKH�SURSHUW\�RI�

ò�VSLQ��DQG�LVRVSLQ�LQ�WKH�SUHVHQFH�RI�RWKHU�TXDQWD���7KH�HUJRVSKHUH�RI�WKLV�TXDQWXP�

PHWULF�LV�WKH�ZDYH�IRUFH�GRPDLQ�RI�WKH�VWURQJ�LQWHUDFWLRQ��)URP�D�XQLYHUVDO�ERRNNHHSHU�

UHIHUHQFH�IUDPH��WKH�IXQGDPHQWDO�TXDQWXP�VFDOH�LV�WKH�QHXWURQ�VFDOH�JLYHQ�E\�WKH�QHXWURQ�

UHGXFHG�&RPSWRQ�ZDYHOHQJWK��)LQDOO\��WKH�DQDO\VLV�LQGLFDWHV�WKDW�FRVPLF�H[SDQVLRQ�LV�

DFFHOHUDWLQJ�H[SRQHQWLDOO\�IURP�D�FRQGLWLRQ�RI�PD[LPXP�GHQVLW\��LV�SUHVXPDEO\�F\FOLFDO�

DQG�WKDW�LQ�WHUPV�RI�WKH�FXUUHQW�WLPH�VFDOH��LW�LV�DSSUR[LPDWHO\�����ELOOLRQ�\HDUV�LQWR�WKH�

FXUUHQW�H[SDQVLRQ�F\FOH���*HQHUDO�UHODWLYLW\�UHTXLUHV�WKH�IROORZLQJ�UHILQHPHQW�LQ�WKLV�

PRGHO��VSDFHWLPH�DFTXLUHV�WKH�SURSHUW\�RI�LQHUWLDO�GHQVLW\�DV�D�SRWHQWLDO�HQHUJ\�GHQVLW\�

LQGHSHQGHQW�RI�DQ\�HQHUJ\�RU�UHVW�PDVV�TXDQWD��KDV�DQ�H[SRQHQWLDO�H[SDQVLRQ�UDWH��DQG�

DGPLWV�WRUVLRQ�WKDW�SUHYHQWV�WKH�RULHQWDWLRQ�HQWDQJOHPHQW�FRQGLWLRQ���

�

1 – Kinematics and the Geometrization of Time�

�

³0HFKDQLFV�������LV�JHQHUDOO\�UHJDUGHG�DV�FRQVLVWLQJ�RI�NLQHPDWLFV�DQG�G\QDPLFV���

.LQHPDWLFV�������LV�WKH�VFLHQFH�WKDW�GHDOV�ZLWK�WKH�PRWLRQV�RI�ERGLHV�RU�SDUWLFOHV�

ZLWKRXW�DQ\�UHJDUG�WR�WKH�FDXVHV�RI�WKHVH�PRWLRQV��6WXG\LQJ�WKH�SRVLWLRQV�RI�

ERGLHV�DV�D�IXQFWLRQ�RI�WLPH��NLQHPDWLFV�FDQ�EH�FRQFHLYHG�DV�D�VSDFH�WLPH�

JHRPHWU\�RI�PRWLRQV��WKH�IXQGDPHQWDO�QRWLRQV�RI�ZKLFK�DUH�WKH�FRQFHSWV�RI�OHQJWK�

DQG�WLPH���%\�FRQWUDVW��G\QDPLFV��������LV�WKH�VFLHQFH�WKDW�VWXGLHV�WKH�PRWLRQV�RI�
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ERGLHV�DV�WKH�UHVXOW�RI�FDXVDWLYH�LQWHUDFWLRQV���$V�LW�LV�WKH�WDVN�RI�G\QDPLFV�WR�

H[SODLQ�WKH�PRWLRQV�GHVFULEHG�E\�NLQHPDWLFV��G\QDPLFV�UHTXLUHV�FRQFHSWV�

DGGLWLRQDO�WR�WKRVH�XVHG�LQ�NLQHPDWLFV��IRU�³WR�H[SODLQ´�JRHV�EH\RQG�³WR�

GHVFULEH´�´�>�@�

�

7R�WDNH�XS�WKH�WDVN�VHW�IRUWK�E\�0D[�-DPPHU��ZH�PLJKW�ORRN�IRU�H[SODQDWLRQ�RI�G\QDPLFV�

LQ�D�JUHDWHU�XQGHUVWDQGLQJ�RI�WKRVH�³FRQFHSWV�DGGLWLRQDO´��FKLHI�RI�ZKLFK�LV�PDVV��LQ�

SDUWLFXODU�ZH�PLJKW�VHHN�³WR�H[SODLQ´�PDVV�WKURXJK�D�PRUH�GHWDLOHG�GHVFULSWLRQ�RI�WKH�

NLQHPDWLF�FRQFHSWV�RI�OHQJWK�DQG�WLPH���:H�ZRXOG�VHHN�WR�ILQG�D�GHILQLWLRQ�RI�PDVV�DV�D�

PHDVXUH�RI�OHQJWK�DQG�RU�WLPH���,Q�RUGHU�WR�SURSHUO\�XQGHUWDNH�VXFK�DQ�LQYHVWLJDWLRQ��ZH�

PXVW�ILUVW�H[DPLQH�WKH�FRQFHSWV�RI�OHQJWK�DQG�WLPH����

�

/HQJWK�LV�D�FRQFHSW�XVHG�WR�TXDQWLI\�WKH�DSSDUHQW�VSDWLDO�VHSDUDWLRQ�RI�HQWLWLHV��ZKHUH�

HQWLW\�PLJKW�EH�DQ\�GLVWLQFWLRQ�ZLWKLQ�WKH�ILHOG�RI�REVHUYDWLRQ��LQFOXGLQJ�WKH�WZR�HQGV�RI�D�

URG���,W�LV�RI�LQWHUHVW�WKDW�WKH�PDJQLWXGH�RI�WLPH�LV�DOVR�UHIHUUHG�WR�DV�D�OHQJWK���:H�HDVLO\�

FRQIODWH�PHDVXUHV�RI�VHSDUDWLRQ�LQ�WLPH�DQG�LQ�VSDFH�ZLWK�RQH�WHUP��OHQJWK��DQG�WR�

FRQWUDVW�WKHP�DV�D�UDWLR��VSHHG���+RZHYHU��WKHUH�LV�QR�PRUH�WKDQ�D�FRQYHQWLRQDO�SUHIHUHQFH�

IRU�WKH�RUGHULQJ�RI�WKDW�UHODWLRQVKLS��DV�D�PLOH�LQ�IRXU�PLQXWHV�DQG�D�IRXU�PLQXWH�PLOH�

GHVSLWH�D�QXPHULFDO�GLIIHUHQFH�LQGLFDWH�WKH�VDPH�SK\VLFDO�FKDQJH��WKH�UDFH�VSHHG�RU��

� ��PLOH ��PLQXWHV ��VSDFH�RU�WLPH�LQWHUYDO
��PLQXWHV� ��PLOH� ��WLPH�RU�VSDFH�LQWHUYDOracec    �� ������

�

,Q�D�VLPLODU�IDVKLRQ��ZH�FDQ�VWDWH�D�QXPEHU�RI�WLPHV�SHU�WLPH�RU�RI�OHQJWKV�SHU�OHQJWK��L�H��

D�IUHTXHQF\�LQ�WLPH�RU�VSDFH��DV�



���

� ��IODVKHV ��IHHW�RU�
��VHFRQG ��\DUG

,t lf f  �� ������

�

$�OHQJWK�RI�VSDWLDO�RU�WHPSRUDO�VHSDUDWLRQ�FDQ�EH�WHUPHG�DQ�LQWHUYDO�EHWZHHQ�HQWLWLHV�RU�

HYHQWV��DV�LQ�JHQHUDO�UHODWLYLW\���$�VLQJOH�HQWLW\�FDQ�KDYH�PXOWLSOH�HYHQWV��DV�ZLWK�D�

IODVKLQJ�EHDFRQ��DQG�D�VLQJOH�HYHQW�FDQ�KDYH�PXOWLSOH�HQWLWLHV��DV�ZLWK�D�³ELJ�EDQJ´��DV�

ZHOO�DV�PXOWLSOH�SHUFHSWLRQV�RI�WKH�HYHQW���7KLV�GRHV�QRW�PHDQ�WKDW�WLPH�DQG�GLVWDQFH�DUH�

WKH�VDPH�TXDOLWLHV�E\�YLUWXH�RI�WKH�XVH�RI�WKLV�FRPPRQ�UHIHUHQFH�WHUP��EXW�LW�VXJJHVWV�ZH�

PLJKW�HTXDWH�WKHP�PDWKHPDWLFDOO\�ZLWK�VRPH�XQLYHUVDOO\�DFNQRZOHGJHG�JDXJH���7KXV�WKH�

VSHHG�RI�OLJKW�LQ�YDFXR��KHOG�WR�EH�D�PD[LPXP��LV�XVHG�WR�JDXJH�D�OHQJWK�RI�WLPH��

FRQYHUWLQJ�LW�WR�D�OHQJWK�RI�GLVWDQFH���:H�PLJKW�DOVR�XVH�DV�RXU�JDXJH�VRPH�PLQLPXP��IRU�

H[DPSOH�WKH�+XEEOH�UDWH��DSSUR[LPDWHO\������[�������WLPHV�VPDOOHU�WKDQ�WKH�VSHHG�RI�OLJKW��

�

7KH�XVH�RI�WKH�VDPH�WHUP�IRU�D�VHSDUDWLRQ�E\�WLPH�DQG�E\�VSDFH�FDQ�EH�PLVOHDGLQJ���

6SDWLDO�OHQJWK�LV�D�SULPDU\�FRQFHSW��XQGHUVWRRG�E\�FRPPRQ�H[SHULHQFH���,Q�VLPSOHVW�

PDQQHU��LWV�PDJQLWXGH�LV�GHWHUPLQHG�E\�KROGLQJ�WZR�REMHFWV�LQ�SUR[LPLW\��RQH�RI�ZKLFK�LV�

D�VWDQGDUG�DQG�WKH�RWKHU�RI�ZKLFK�LV�D�WHVW�REMHFW���:H�PLJKW�DOVR�FRQVLGHU�WHPSRUDO�

OHQJWK�DV�D�SULPDU\�FRQFHSW��KRZHYHU��ZH�WHQG�WR�GHILQH�WLPH�TXDQWLWDWLYHO\�LQ�WHUPV�RI�D�

SULPDU\�VSDWLDO�OHQJWK�FRPSRQHQW�RI�DQ�RWKHUZLVH�F\FOLF�RU�SHULRGLF�FRQFHSW��DV�D�

FRPSDULVRQ�RI�WKH�OHQJWK�UDWH�RI�FKDQJH�DORQJ�WKH�FLUFXPIHUHQFH�RI�D�FORFN�IDFH�

FRQWHPSRUDQHRXV�ZLWK�VRPH�RWKHU�FKDQJH����

�

7DNLQJ�D�KLQW�IURP�WKH�QRPHQFODWXUH�RI�VLPSOH�DULWKPHWLF��ZH�VWDWH�WKDW�D�YHORFLW\�LV�VRPH�

WUDQVODWLRQDO�GLVSODFHPHQW�GLYLGHG�E\�WKH�QXPEHU�RI�WLPHV�VRPH�F\FOLF�GLVWDQFH�LV�
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WUDQVLWHG�DW�D�FRQVWDQW�UDWH��L�H��WKH�QXPEHU�RI�WLPHV�D�FORFN�KDQG�WLS�WUDQVLWV�D�

FLUFXPIHUHQWLDO�GLVWDQFH�RQ�WKH�FORFN�IDFH�GHVLJQDWHG�DV�D�XQLW�VWDQGDUG�LQWHUYDO����,Q�WKH�

ILQDO�DQDO\VLV�YHORFLW\�LV�D�FRPSDULVRQ�RI�WZR�SK\VLFDO�OHQJWKV��ZKHUH�WKH�FXVWRPDU\�

SUDFWLFDO�KXPDQ�VWDQGDUG�LV�JDXJHG�WR�FRUUHVSRQG�ZLWK�WKH�WDQJHQWLDO�GLVWDQFH�WKH�HDUWK�

URWDWHV�DW�WKH�HTXDWRU�GXULQJ��DSSUR[LPDWHO\����������WK�RI�LWV�GLXUQDO�F\FOH��L�H��D�VHFRQG����

�

7KH�UHDGHU�PD\�REMHFW�WKDW�LW�LV�QRW�WKH�OHQJWK�WUDQVLWHG��EXW�WKH�DQJXODU�VSHHG�WKDW�PDUNV�

RXW�WLPH��SRLQWLQJ�WR�WKH�F\FOLFDO�SURSHUW\�ZLWK�ZKLFK�LW�LV�FXVWRPDULO\�HQGRZHG���)RU�D�

IL[HG�UHIHUHQFH�IUDPH��DOO����VHFRQG�DQDORJ�FORFNV�PRYH�LGHDOO\�DW�WKH�VDPH�DQJXODU�UDWH��

UHVXOWLQJ�LQ�D�YDULHG�YHORFLW\�DW�KDQG�WLS�WKDW�LV�D�IXQFWLRQ�RI�WKH�KDQG�OHQJWK���:H�PLJKW�

HQYLVLRQ�WKDW�WKLV�YHORFLW\�LV�OLPLWHG�E\�WKH�VSHHG�RI�OLJKW��DQG�IRU�DQ�LGHDO�FORFN�ZH�

VWLSXODWH�WKDW�WKH�OHQJWK�RI�WLPH�WDNHQ�IRU�OLJKW�WR�WUDYHO�IURP�WKH�FHQWHU�RI�WKH�FORFN�IDFH�

WR�WKH�HQG�RI�WKH�KDQG��EH�LW�KRXU��PLQXWH��VHFRQG��QDQRVHFRQG�RU�\RFWRVHFRQG��LV�HTXDO�WR�

WKH�OHQJWK�RI�WLPH�IRU�WKH�WLS�RI�WKH�KDQG�WR�WUDYHO�WKH�VDPH�GLVWDQFH�WDQJHQWLDOO\�DERXW�WKH�

IDFH�IRU�RQH�UDGLDQ���7KXV�LWV�DQJXODU�IUHTXHQF\��Z��ZLOO�EH�LQYHUVHO\�UHODWHG�DQG�JDXJHG�

WR�WKH�OHQJWK�RI�LWV�DUP��r��RU�DEVWUDFWO\�WR�DQ�DQJXODU�ZDYH�OHQJWK��� ��DQG�FRQVHTXHQWO\�

GLUHFWO\�UHODWHG�E\�WKH�DQJXODU�ZDYH�QXPEHU��N��E\�WKH�FRQVWDQW�YHORFLW\��c��JLYHQ�E\�WKH�

IDPLOLDU�UHODWLRQVKLSV�

� d c c c
dt r
TZ N    

�
�� ������

6RPH�UHDUUDQJHPHQW�DQG�LQWHJUDWLRQ�RI�WKH�DQJXODU�PHDVXUH��XVLQJ�D�QRUPDOL]HG�YDOXH�IRU�

WKH�VSHHG��c� ����JLYHV�

� � ����

�� �
�r d c dt r t

Z
T

�

 ?  ³ ³ , � ������
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,I�ZH�WUHDW�r�DV�D���YHFWRU��r���FDOOLQJ�WKH�FORFN�DUP�r���LWV�RULJLQ�DW�WKH�FHQWHU�DQG�LWV�

H[WHQVLRQ�SRLQW�DW�WKH�FLUFXPIHUHQFH�RI�WKH�FORFN��LW�LV�FOHDU�WKDW�dT�LV�RUWKRJRQDO�WR�r���

7KH�XQLW�LQWHJUDO�RI�dT��DORQJ�ZLWK�WKH�RUWKRJRQDO�VHQVH��i��LV�WKXV�DQ�RSHUDWRU�WKDW�

WUDQVIRUPV�r�RUWKRJRQDOO\�LQWR�DQ�LQVWDQW�WDQJHQW�YHFWRU��ct��WKDW�FDUULHV�WKH�WLS�RI�r�ZLWK�LW��

URWDWLQJ�r�DERXW�LWV�RULJLQ�DV�

� r tic � ������

IRU�ZKLFK�WKH�VFDODU�IRUP��OHDYLQJ�WKH�i�IRU�HPSKDVLV��LV�

� r ict �� ������

6XFK�RUWKRJRQDOLW\�LV�ZKDW�D�GLPHQVLRQDO�UHODWLRQVKLS�EHWZHHQ�VSDFH�DQG�WLPH�GHPDQGV���

7KH�c�LV�VLPSO\�D�UHPLQGHU�WKDW�r�DQG�t�DUH�QRUPDOL]HG��DQG�FDQ�EH�OHIW�RXW�E\�XVLQJ�WKH�

RXJKW�VXEVFULSW�WR�LQGLFDWH�XQLW�YDOXHV�LQ�

� � �i{r t �� ������

6LQFH�r�LV�UDGLDO�DQG�t�LV�WDQJHQWLDO��LW�LV�LPPHGLDWHO\�DSSDUHQW�WKDW�LQ�DGGLWLRQ�WR�EHLQJ�

RUWKRJRQDO�WR�D�VSDWLDO�OHQJWK��r��WLPH�LV�ORFDOO\�F\FOLFDO���$IWHU�D�SHULRG�RI��S�LW�ZLOO�

UHWXUQ�WR�LWV�VWDUWLQJ�SRLQW�DQG�FRQWLQXH�WR�F\FOH�DW�WKH�LQYDULDQW�UDWH�RU�DQJXODU�IUHTXHQF\�

� �
�

d c
dt r
TZ   �� ������

:H�FDQ�URWDWH�DQG�WUDQVODWH r��WR�DQ\�GLUHFWLRQ�DQG�SODFH�LQ�WKUHH�GLPHQVLRQDO�VSDFH��DQG�

t��ZLOO�UHPDLQ�H[WHQGHG�RUWKRJRQDOO\�IURP�WKH�LQVWDQW�SRLQW�RI�r���DV�LQ�7LPH�6FDOH����

�
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Time Scale 1

Figure 1

Clock Face Fixed with Rotating Hand

�

�

:H�FDQ�HTXDWH�WKH�LQVWDQW�r��WR�D�XQLW�EDVH�YHFWRU�DORQJ�DQ�LQVWDQW�VSDWLDO�GLPHQVLRQ�x���

IRU�ZKLFK�x��DQG�x��DUH�WKH�UHPDLQLQJ�LQVWDQW�RUWKRJRQDO�GLPHQVLRQV���6LQFH�ZH�DUH�

OLPLWHG�WR�WKUHH�VSDWLDO�GLPHQVLRQV��xL� �������LQ�PRVW�JUDSKLF�UHSUHVHQWDWLRQV�WKH�DGGLWLRQ�RI�

DQ�RUWKRJRQDO�OLQHDU�GLPHQVLRQ�RI�WLPH��t� �x���LQYROYHV�UHSUHVHQWDWLRQDO�GLIILFXOW\���,I�ZH�

VKLIW�WKH�RULJLQ�RI�t��WR�WKH�RULJLQ�RI�WKH�YHFWRU�r���VR�WKDW�t��LV�FR�OLQHDU�ZLWK�DQRWKHU�XQLW�

YHFWRU�DORQJ�x���FDOO�LW�Lr���ZH�KDYH�D���GLPHQVLRQDO�JUDSKLF�UHSUHVHQWDWLRQ�RI�VSDFHWLPH�

E\�VXEVWLWXWLQJ�WKH�GLPHQVLRQ�x��IRU�x����,Q�D���GLPHQVLRQDO�GHSLFWLRQ��ZH�FDQ�PDNH�WKH�

HTXDWLRQ�RI�x�� �x���UHSUHVHQWLQJ�VSDFH�DV�D�WZR�GLPHQVLRQDO�SODQH��x��x����%RWK�PHWKRGV�

DUH�XVHG�LQ�GLVFXVVLRQV�RI�JHQHUDO�UHODWLYLW\��ZLWK�WKH�IDPLOLDU�ZDUSLQJ�RI�VSDFHWLPH�

UHSUHVHQWHG�E\�D�FXUYLQJ�IXQQHO�LQ�WKH���'�GHSLFWLRQ���7KHVH�UHSUHVHQWDWLRQV�HVVHQWLDOO\�

GHSLFW�WLPH�DV�D�OLQHDU�GLPHQVLRQ�VXEVWLWXWHG�IRU�RQH�RI�WKH�VXSSUHVVHG�VSDWLDO�RQHV����

�

:KLOH�VXFK�UHSUHVHQWDWLRQ�KDV�LWV�WLPH�WHVWHG�PHULWV��LW�\HW�GHSHQGV�XSRQ�WKH�H[SOLFLW�

UHODWLRQVKLS�RI�HTXDWLRQ��������ZKLFK�LQ�WXUQ�UHWDLQV�WKH�LPSOLFLW�UHODWLRQVKLS�RI�HTXDWLRQ�



���

��������:H�ZRXOG�KRSH�WR�ILQG�D�UHSUHVHQWDWLRQ�RI�VSDFHWLPH�ZKLFK�FDQ�GHSLFW�WLPH�

H[SOLFLWO\�DV�RUWKRJRQDO�WR�DOO�WKUHH�GLPHQVLRQV�RI�VSDFH��ZLWKRXW�WKH�VXSSUHVVLRQ�RI�RQH�

RU�WZR�VSDWLDO�GLPHQVLRQV���,Q�VXFK�FDVH��WLPH�LV�WKRXJKW�RI�DV�D�FRPSDFWLILHG�GLPHQVLRQ�

UHVLGHQW�RQ�VRPH�ORFDO�VFDOH��r���DW�HDFK�ORFXV�RI���'�VSDFH��

�

)RU�VXFK�D�UHJLVWUDWLRQ�RI�WLPH��LQVWHDG�RI�D�KDQG�PRYLQJ�DERXW�D�FORFN�IDFH��ZH�PLJKW�

LPDJLQH�WKH�HQWLUH�WUDQVSDUHQW�IDFH�URWDWLQJ�DERXW�VRPH�FHQWHU���$Q\�VSRW�RQ�WKH�

FLUFXPIHUHQFH�DW�D�GLVWDQFH�RI�r��IURP�WKH�FHQWHU�UHSUHVHQWV�WKH�RULJLQ�RI�D�WDQJHQW�XQLW�

WLPH�YHFWRU�t���LWV�GLUHFWLRQ�HLWKHU�FORFNZLVH�RU�FRXQWHUFORFNZLVH�GHSHQGLQJ�RQ�ZKLFK�VLGH�

RI�WKH�IDFH�RQH�LV�YLHZLQJ���7KH�FORFN�IDFH��L�H��WLPH�LWVHOI��WKHQ�LV�PRYLQJ�RUWKRJRQDO�WR�

WZR�VSDWLDO�GLPHQVLRQV��VD\�x��DQG�x���DV�VKRZQ�LQ�7LPH�6FDOH�����1RWH�WKDW�WKH�IDFH�LV�

PRYLQJ�RUWKRJRQDO�WR�DQ\�LQVWDQW�r��VXSHULPSRVHG�XSRQ�LW�DQG�WR�DQ\�DUELWUDU\�x��DQG�x��

FRRUGLQDWHV�FHQWHUHG�RQ�WKH�RULJLQ�RI�r���

�

Time Scale 2

Figure 2

Clock Face Rotates with Hand

�

�
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6LQFH�ZH�KDYH�VWLSXODWHG�DERYH�WKDW�WKH�FORFN�KDQG�FDQ�EH�URWDWHG�RU�WUDQVODWHG�ZLWKRXW�

FKDQJLQJ�WKH�UHODWLRQVKLS�RI�HTXDWLRQ��������WKH�VDPH�FDQ�EH�VDLG�IRU�D�URWDWLRQ�RU�

WUDQVODWLRQ�ERWK�LQ���'�DQG�LQ���'�VSDFH�RI�WKH�ZKROH�FORFN�IDFH���6WLFNLQJ�WR�WKH���'�

FDVH��LQ�x��x���ZH�FDQ�GHVLJQDWH�D�SDLU�RI�GLIIHUHQWLDO�YHFWRUV��dt��SRLQWLQJ�FORFNZLVH�DQG�

FRXQWHUFORFNZLVH��DW�HDFK�SRVVLEOH�ORFDWLRQ�RI�WKH�SRLQW�RI�DQ�r��DERXW�WKH�FORFN�IDFH��VR�

WKDW�WKH�VXP�RI�DOO�dt�IRUPV�WZR�VXSHULPSRVHG�FLUFOHV�DERXW�WKH�LQVWDQW�FHQWHU�RI�WKH�FORFN�

IDFH���7KH�GLPHQVLRQ�RI�WLPH�WKHQ�IRUPV�D�FLUFOH�RI�UDGLXV�r��DERXW�HDFK�SRLQW�LQ�x��x����

7KLV�FDQ�EH�UHODWHG�WR�D�SRODU�FRRUGLQDWH�V\VWHP��LQ�ZKLFK�WKH�DUP�RI�WKH�FORFN�IDFH� r���LV�

D�QRUP�DQG�WKH�x��x��SODQH�LV�VHFWLRQHG�DV�WKH�T�FRRUGLQDWH�DERXW�LWV�RULJLQ����

�

)RU�D���'�VSDFH��LQ�x��x��x���ZH�FDQ�RQFH�DJDLQ�GHVLJQDWH�D�GLIIHUHQWLDO�YHFWRU�SDLU��dt��DW�

HDFK�SRVVLEOH�ORFDWLRQ�RI�WKH�SRLQW�RI�DQ�r��DERXW�WKH�FORFN�IDFH�DQG�DW�HDFK�SRVVLEOH�

RULHQWDWLRQ�RI�WKH�FORFN�IDFH�ZLWKLQ�WKH���VSDFH��VR�WKDW�dt�FDQ�SRLQW�DQ\ZKHUH�LQ�D�

WDQJHQWLDO�SODQH�DQG�VR�WKDW�WKH�VXP�RI�DOO�dt�IRUP�D�VSKHUH�DERXW�WKH�LQVWDQW�FHQWHU�RI�WKH�

FORFN�IDFH���7KXV�WKH�GLPHQVLRQ�RI�WLPH��t��LV�RUWKRJRQDO�WR�DOO�WKUHH�VSDWLDO�GLPHQVLRQV��xL��

RI�DQ\�DUELWUDU\�VSDWLDO�RULHQWDWLRQ�DW�WKH�SRLQWV�xL� ���������

�

1RZ�ZH�FDQ�VLPSOLI\�DQG�PDNH�WKLQJV�D�ELW�PRUH�GHILQLWH�DV�LQ�7LPH�6FDOH�����)RU�DQ\�

FORFN�IDFH�T�RI�UDGLXV�r��LQ�T��DQ�DUELWUDU\�x��x��SODQH��URWDWLQJ�DERXW�DQ�D[LV��T��DOLJQHG�

ZLWK�WKH�x��D[LV�RUWKRJRQDO�WR�x��x���ZH�FDQ�ILQG�D�VHFRQG�FORFN�IDFH�I�RI�HTXDO�r���

FRQFHQWULF�ZLWK��RUWKRJRQDO�WR��DQG�URWDWLQJ�ZLWK�T��L�H��VSLQQLQJ�OLNH�D�FRLQ��ZKLOH�LWVHOI�

VLPXOWDQHRXVO\�URWDWLQJ�DW�WKH�VDPH�IUHTXHQF\�� I TZ Z ��DERXW�DQ�DUELWUDU\�D[LV��I��ZKHUH�

I�URWDWHV�LQ�T�DQG�ZLWK�T���:H�FDQ�QRZ�FKRRVH�D�FORFN�KDQG��r���LWV�RULJLQ�DW�WKH�FHQWHU�RI�
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WKH�FRQFHQWULF�FORFN�IDFHV��LQLWLDOO\�DW�x��DW�RQH�RI�WKH�WZR�UDGLDO�LQWHUVHFWLRQV�RI�I�DQG�T��

DQG�URWDWH�LW�ZLWK�I�DERXW�I��VR�WKDW�� �

�

�� DW�t�T�� ����r��SRLQWV�WR����������DQG�t�I�SRLQWV�WR�������������

�

�� DW�t�T�� �S����r��SRLQWV�WR������������DQG�t�I�SRLQWV�WR����������������

�

�� DW�t�T�� �S��r��SRLQWV�WR����������DQG�t�I�SRLQWV�WR��������������

�

�� DW�t�T�� ��S����r��SRLQWV�WR����������DQG�t�I�SRLQWV�WR�������������DQG�ILQDOO\�

�

�� DW�t�T�� ��S��r��SRLQWV�WR����������DQG�t�I�SRLQWV�WR���������������

�

7KHUH�DUH�DQ�LQILQLWH�QXPEHU�RI�r��LQ�I��WKH\�HDFK�LQWHUVHFW�ZLWK�WKH�FORFN�IDFH�RI�T�WZLFH�

DQG�DW�WKH�VDPH�ORFDWLRQ�LQ�T�ZLWK�HDFK�F\FOH�RI�I�DERXW�T��DQG�WKH\�HDFK�H[WHQG�RQFH�WR�

HDFK�RI�WKH�H[WUHPD�LQ�WKH�I�FRRUGLQDWH�DW����S����L�H��DW�x�� ���������7KXV�WKH�SRLQW�RI�HDFK�

r��DQG�WKH�RULJLQ�RI�LWV�WLPH�YHFWRU�t���WUDFHV�D�ILJXUH�HLJKW�RVFLOODWLRQ�DERXW�RQH�KDOI�RI�WKH�

VSKHULFDO�VKHOO�IRUPHG�E\�WKH�VXP�RI�DOO�WLPH�YHFWRUV�dt��ZKLOH�D�ZDYH�SKDVH�URWDWHV�

FRXQWHUFORFNZLVH�DERXW�T���1RWH�WKDW�KLV�PRWLRQ�DYRLGV�WKH�FRRUGLQDWH�HQWDQJOHPHQW�

FRQGLWLRQ�DV�GHSLFWHG�LQ�*UDYLWDWLRQ�E\�0LVQHU��HW�DO���>�@���:H�FDQ�XVH�WKLV�JUDSKLF�

GHSLFWLRQ�RI�WLPH�WR�JUHDW�DGYDQWDJH�ODWHU�LQ�RXU�GLVFXVVLRQ����

�
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Time t(θ) = 0
Figure 3

Time t(θ) = π/2
Figure 4 �

Time t(θ) = π
Figure 5

Time t(θ) = 3π/2
Figure 6 �

Time t(θ) = 2π

Figure 7

Time Scale 3 - Clock Face Rotates with Hand 
  and Spins on Edge at Common Frequency

�

�
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1RWH�WKDW�WKH�VDPH�LQVWDQW�RI�WLPH�LV�UHSUHVHQWHG�DQ\ZKHUH�RQ�WKH�VSKHULFDO�VXUIDFH�RI�WKLV�

FORFN��VR�WKDW�WKH�VXUIDFH�FRQVWLWXWHV�D�WLPH�FR�RUGLQDWH�VLQJXODULW\���:H�FDQ�NHHS�WUDFN�RI�

WKH�³OHQJWK´�RI�WLPH�E\�D�FRXQW�RI�WKH�QXPEHU�RI�RVFLOODWLRQV�RI�D�JLYHQ�r�����

�

)LQDOO\�ZH�FDQ�HQYLVLRQ�WKDW�WKH�OHQJWK�RI�r��LV�LQ�VRPH�PDQQHU�DXJPHQWHG�RU�GLPLQLVKHG�

E\�D�YHU\�VPDOO�DPRXQW�FRQWLQXDOO\�ZLWK�HDFK�RVFLOODWLRQ��VR�WKDW�WKH�WLPH�GLPHQVLRQ�LV�

VHHQ�WR�EH�ZRXQG�XS�LQ�WKH�PDQQHU�RI�D�NLWH�VWULQJ�DERXW�D�FRQVWDQWO\�LQFUHDVLQJ�RU�

GHFUHDVLQJ�VSDWLDO�XQLW�VSKHUH���,W�LV�LPSRUWDQW�WR�UHPHPEHU��KRZHYHU�WKDW�WKHUH�DUH�DQ�

LQILQLWH�QXPEHU�RI�VXFK�dt FRQWLQXDOO\�FRQQHFWHG�LQ�VSKHULFDO�IDVKLRQ��VR�WKH�VWULQJ�

DQDORJ\�VKRXOG�QRW�EH�VWUHWFKHG�WRR�IDU���,W�LV�UHDOO\�WKH�H[SDQVH�RI���VSDFH�ERWK�DERXW�DQG�

ZLWKLQ�VXFK�XQLW�VSKHUH��H[SDQGLQJ�RU�FRQWUDFWLQJ��WKDW�PDUNV�WKH�SDVVDJH�RI�WLPH���,W�LV�

WKH�H[SDQVLRQ�RI�WKLV�VSDFH�DW�WKH�VSHHG�RI�OLJKW��QRW�UDGLDO\�EXW�WDQJHQWLDOO\��WKDW�JDXJHV�

WLPH�LQ�WKLV�VSDFHWLPH����

�

�

Lorentz Covariance 

�

7R�FRPSOHWH�WKLV�DQDO\VLV��ZH�ZRXOG�OLNH�WR�VHH�LI�WKLV�IRUPXODWLRQ�LV�/RUHQW]�FRYDULDQW��LI�

WKH�VWDQGDUG�RI�WLPH�� �t ��ZLOO�XQGHUJR�D�VFDOH�WUDQVIRUPDWLRQ�DORQJ�ZLWK�WKH�OHQJWK�

VWDQGDUG�� �r ��DFFRUGLQJ�WR�WKH�SULQFLSOHV�RI�VSHFLDO�UHODWLYLW\���5HWXUQLQJ�WR�HTXDWLRQ��������

ZH�PLJKW�HQYLVLRQ�WKDW�XQGHU�VRPH�FRQGLWLRQ�GXH�WR�DFFHOHUDWLRQ��VXFK�DV�WKDW�RI�FRVPLF�

H[SDQVLRQ�� �r �FRQWUDFWV�WR� � �
or r� ���:H�GLYLGH�WKDW�HTXDWLRQ�LQWR�LWV�FRQWUDFWHG�YHUVLRQ��
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DQG�ILQG�WKH�XQLW�WLPH�VWDQGDUG�YDULHV�DFFRUGLQJ�WR�WKH�UDWLR�RI�WKH�XQLW�OHQJWKV��DV�

� �
� �

�

o
o rt t

r
 �� �������

,Q�VSHFLDO�UHODWLYLW\�DV�UHSUHVHQWHG�E\�&KDUOHV�6WHYHQV�>�@��WLPH�LQWHUYDOV�WUDQVIRUP�

DFFRUGLQJ�WR��

� � ��t tJ Ec  � � �������

ZKHUH�t�LV�WKH�LQWHUYDO�LQ�UHIHUHQFH�IUDPH�F�DQG� tc LV�WKH�VDPH�LQWHUYDO�YLHZHG�LQ�UHIHUHQFH�

IUDPH�M�PRYLQJ�UHODWLYH�WR�F�DW�YHORFLW\��v��DV�D�IUDFWLRQ�RI�WKH�VSHHG�RI�OLJKW��c��JLYLQJ�

WKH�UDWLR�LGHQWLW\�E��ZKLFK�FDQQRW�EH�JUHDWHU�WKDQ����DV�

� v
c

E { � �������

DQG�WKH�YDOXH�RI�J��ZKLFK�FDQQRW�EH�OHVV�WKDQ����DV�

�
�

�
�

J
E

{
�

�� �������

2QH�PLQXV�E�DSSURDFKHV���IDVWHU�WKDQ�WKH�LQYHUVH�RI�HTXDWLRQ���������VR�WKH�FRPELQHG�

IDFWRU�QHYHU�H[FHHGV���DQG�DSSURDFKHV���DW�WKH�OLPLW���,I�D�UHODWLRQVKLS�FDQ�EH�HVWDEOLVKHG�

EHWZHHQ�WKH�WLPH�GLPHQVLRQV�LQ�HTXDWLRQV��������DQG���������WKHQ�ZH�PLJKW�H[SHFW�D�

UHODWLRQVKLS�EHWZHHQ�WKH�IDFWRUV�RQ�WKH�ULJKW�VLGHV���:H�FDQ�GR�WKLV�E\�YLHZLQJ�D�XQLW�

VWDQGDUG��t���IURP�F�DQG�IURP�M����

7KH�VSDWLDO�LQWHUYDO�WUDQVIRUPDWLRQ��LQ�ZKLFK�ZH�KDYH�DOLJQHG�r�ZLWK�DQ�DUELWUDU\�xL�D[LV��

LV��

� � �r r vtJc  � � �������
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6XEVWLWXWLQJ�IURP�HTXDWLRQ�������IRU�t��ZH�KDYH�

� � ��rr r v r
c

J J E§ ·c  �  �¨ ¸
© ¹

� �������

ZKLFK�LV�V\PPHWULF�ZLWK�HTXDWLRQ���������

�

5HDUUDQJLQJ�JLYHV�DQ�H[SUHVVLRQ�RI�D�SURSHU�WLPH��W��DQG�D�SURSHU�OHQJWK��V��ZKLFK�DUH�

LQYDULDQWV�RI�M���:H�DUH�QRW�XVLQJ�0LQNRZVNL�VSDFH�IRU�RXU���YHFWRU�DQG�r�LV�VLPSO\�ct��

VR�WKDW�PXOWLSO\LQJ�HTXDWLRQ��������WKURXJK�E\�c�JLYHV�XV�HTXDWLRQ����������7KLV�SURSHU�

OHQJWK�ZLOO�EH�VKRZQ�WR�EH�UHODWHG�WR� �
or ��

� � ��t tW E
J
c

{  � � �������

� � ��r rV E
J
c

{  � �� �������

�

,Q�WKH�&KDUW���JUDSKLF�UHSUHVHQWDWLRQ�RI�D�/RUHQW]�WUDQVIRUPDWLRQ�ZH�KDYH�DOLJQHG�WKH�

VSDWLDO�D[LV��r��RI�D�VWDWLRQDU\�UHIHUHQFH�IUDPH��F��ZLWK�WKH�GLUHFWLRQ�RI�WUDYHO�RI�D�PRYLQJ�

IUDPH��M��PDNLQJ�LW�D�SXUH�WUDQVIRUPDWLRQ�RU�ERRVW���7KLV�LV�H[SUHVVHG�IRU�WKH�WLPH�

GLPHQVLRQ�E\�HTXDWLRQ��������DQG�IRU�WKH�VSDFH�GLPHQVLRQ�E\�HTXDWLRQ����������,Q�HDFK�

HTXDWLRQ��WKH�XQSULPHG�FRRUGLQDWH�ZLWK�UHVSHFW�WR�F�LV�PRGLILHG�E\�WKH�WZR�UHODWHG�

IDFWRUV�����E��DQG�J��WR�DUULYH�DW�WKH�SULPHG�FR�RUGLQDWH�ZLWK�UHVSHFW�WR�M����

�
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Chart 1 - (1-β) Component of Boost
Figure 8 �

�

:KLOH�WKH�FXVWRPDU\�DQDO\VLV�LV�IRU�DQ�DUELWUDU\�x��RU�LQ�WKLV�FDVH�r�DQG�t�LQ�F��ZH�ZLOO�

DSSO\�WKH�VDPH�WR�D�VSDFH�DQG�WLPH�XQLW�OHQJWK�LQ�F�� �r DQG� �t ��RUWKRJRQDOO\�DOLJQHG���7KLV�

LV�VKRZQ�LQ�&KDUW���D���7KH�SDWK�RI�M��PRYLQJ�DW�D�YHORFLW\�v��RU�D�GLVWDQFH�RI�x�LQ�WLPH�

�t ��LV�GUDZQ�DV�WKH�VORSHG�OLQH��DQG�WHUPLQDWHV�DW�SRLQW�A� �F�x�� �t ����7KH�XQLW�RI�

VSDFHWLPH�KDV�EHHQ�PDUNHG�RII�LQ�GHFLPDO�IUDFWLRQV���7KH�OLPLW�RI�UHODWLYH�IUDPH�YHORFLW\��

c��LV�VKRZQ�ZLWK�LWV�LQYHUWHG�VORSH�RI�� �t SHU�� �r ����

�

,Q�&KDUW���E��WKH�RSHUDWLRQ�RI����E��RQ�F�LQGLFDWHV�WKH�HIIHFW�RI�WKH�PRWLRQ�RI�M��ZKLFK�

WUDQVIRUPV�WKH�XQLW�VSDFHWLPH�IURP�WKDW�VKRZQ�LQ���D���$VVXPH�WKDW�ERWK�F�DQG�M�EHJLQ�WR�

UHFHLYH�D�SHULRGLF�VLJQDO�IURP�EH\RQG�WKH�OHIW�HGJH�RI�WKHLU�UHVSHFWLYH�FKDUWV�ZKHQ�WKRVH�

FKDUWV�DUH�FRLQFLGHQW�DW� �r rc  ���7KH\�ERWK�NQRZ�WKDW�WKH�VLJQDO�IODVKHV�DUH�VSDFHG�

RQH�WHQWK�RI� �t �DSDUW���$V�VKRZQ��x�DQG�WKHUHIRUH�E�KDSSHQV�WR�EH������UHVXOWLQJ�LQ�D����E��

RI�������$IWHU�RQH� �t ��F�FRXQWV�WHQ�IODVK�LQWHUYDOV��EXW�M�KDV�E\�WKDW�WLPH�PRYHG�IRXU�

LQWHUYDOV�WR�WKH�ULJKW�DQG�RQO\�FRXQWV�VL[�LQWHUYDOV��$V�D�UHVXOW��IRU�F�WKH�SHUFHLYHG�WLPH�
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HODSVHG�EHIRUH�WKH�ILUVW�VLJQDO�UHDFKHV� �r ��WKHUHIRUH�WKH�GLVWDQFH�IURP���WR� �r �LV�WHQ�WHQWKV�

RU�XQLW\��ZKLOH�IRU�M�WKDW�WLPH�DQG�GLVWDQFH�LV�VL[�WHQWKV�RI� �t �DQG �r �UHVSHFWLYHO\��

�

1RWH�WKDW�WKH�SDWK�RI�M�REVHUYHG�IURP�F�LQ�&KDUWV���D�DQG���F��WKH�GLDJRQDO�WKURXJK�VSDFH�

DQG�WLPH��LV�SHUFHLYHG�E\�M�LQ�KLV�RZQ�YLHZ�RI�WKLV�VSDFHWLPH��DV�VLPSO\�D�SDWK�WKURXJK�

WLPH��VKRZQ�E\�WKH�YHUWLFDO�OLQH� �OM tc� ���1RWH�DOVR�WKDW�WKH�VKRUWHQLQJ�RI�WKH�WLPH�VFDOH�

LV�UHTXLUHG�LI�c�LV�WR�UHPDLQ�QRUPDOL]HG�DQG�LQYDULDQW��

�

7KLV�LV�QRW�WKH�WLPH�GLODWLRQ�DQG�VSDFH�FRQWUDFWLRQ�RI�UHODWLYLW\��KRZHYHU���,I�WKH�VLJQDO�

KDG�EHHQ�FRPLQJ�IURP�WKH�ULJKW��GXULQJ�WKH�WLPH �t ��M�ZRXOG�KDYH�FRXQWHG�IRXUWHHQ�

LQWHUYDOV�WR�D�FRXQW�RI�WHQ�IRU�F��RU�D�IDFWRU�RI����E����7KLV�LV�VLPSO\�DQ�LQVWDQFH�RI�WKH�

'RSSOHU�HIIHFW��D�IUHTXHQF\�VKLIW����

�

$V�FDQ�EH�VHHQ�LQ�&KDUW���F��WKH�JDXJH�RU�VFDOH�IDFWRU�RI�WKH�VSDFHWLPH�LV�WKH�VDPH�LQ�ERWK�

IUDPHV��DV�LQGLFDWHG�E\�WKH�LGHQWLFDO�JULG�LQWHUYDOV���7KH�XQLW�WLPH�DQG�GLVWDQFH�VFDOHV�RI�

WKH�VSDFHWLPH�IRU�HDFK�DUH�QRW�WKHPVHOYHV�PRGLILHG�E\�WKLV�REVHUYHG�PRGLILFDWLRQ��DQG�

ZH�ZLOO�GLVUHJDUG�LW�LQ�WKH�UHPDLQGHU�RI�WKH�GLVFXVVLRQ���,W�LV�RI�LQWHUHVW��WKRXJK��WKDW�WKH�

SURGXFW�RI�WKHVH�WZR�IDFWRUV�HTXDOV�WKH�VTXDUH�RI�WKH�LQYHUVH�RI�WKH�RWKHU�IDFWRU��J��RU�

� � �� � � �
�

� � �� � � �E E E E J �� �  �  �  �� �������

�
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,W�LV�WKH�IDFWRU�J��WKDW�ZH�DUH�SULPDULO\�LQWHUHVWHG�LQ��DV�LW�HPERGLHV�WKH�FKDQJH�LQ�WKH�VFDOH�

RI�VSDFHWLPH�UHIOHFWHG�LQ�D�PHDVXUHG�LQWHUYDO�WKURXJK�WKH�)LW]JHUDOG�/RUHQW]�OHQJWK�

FRQWUDFWLRQ��

� � r rJ c'  ' � �������

DQG�WKURXJK�WLPH�GLODWLRQ��

� � t tJ c'  ' �� �������

7KHVH�LQ�WXUQ�DUH�UHODWHG�WR�D�FKDQJH�LQ�WKH�SURSHU�WLPH��W��DQG�SURSHU�OHQJWK��V��DV�LQ�WKH�

LGHQWLW\�WHUPV�RI�HTXDWLRQV��������DQG��������DV�

� dt dt dJ J Wc  � �������

� dr dr dJ J Vc  � �������

�

)ROORZLQJ�WKLV�OLQH�RI�WKRXJKW��ZH�VXEVWLWXWH�WKH�XQLW�VWDQGDUGV�IRU�WKH�XQSULPHG�LQWHUYDO�

FRRUGLQDWHV�LQ�HTXDWLRQV��������DQG��������DQG�WKHLU�FRQWUDFWLRQV�IRU�WKH�SULPHG�WR�DUULYH�

DW�DQ�H[SUHVVLRQ�RI�D�XQLW�SURSHU�WLPH�� �W ��DQG�D�XQLW�SURSHU�OHQJWK�� �V ��ZKHUH�HDFK�LV�WKH�

UHSUHVHQWDWLRQ�RI�WKH�XQLW�VWDQGDUGV�RI�M�LQ�F��

� � �� � �� �ot tJ W J E{  � � �������

� � �� � �� �or rJ V J E{  � � �������

�

6RPH�FDUH�LV�LQ�RUGHU�KHUH���:KLOH�WKH�OHQJWK�FRQWUDFWLRQ�LV�RIWHQ�LQWHUSUHWHG�DV�D�SURSHUW\�

E\�ZKLFK�D�PRYLQJ�ERG\�VKULQNV�DEVROXWHO\�LQ�SURSRUWLRQ�WR�LWV�YHORFLW\�ZLWK�UHVSHFW�WR�D�

VWDWLRQDU\�IUDPH��DQG�ZKLOH�WKLV�PD\�LQ�VRPH�LQVWDQFHV�EH�WUXH��LWV�IXQGDPHQWDO�VWDWHPHQW�

LV�WKDW�WKH�XQLW�VWDQGDUG�E\�ZKLFK�D�OHQJWK��l��LV�PHDVXUHG�LQ�D�PRYLQJ�IUDPH�LV�VPDOOHU�
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WKDQ�WKH�XQLW�VWDQGDUG�LQ�WKH�VWDWLRQDU\�IUDPH�ZLWK�UHVSHFW�WR�ZKLFK�LW�LV�GHHPHG�WR�EH�

PRYLQJ�DQG�IURP�ZKLFK�LW�LV�KHOG�WR�EH�VKRUWHU������

�

,Q�D�VLPLODU�PDQQHU��WLPH�GLODWLRQ�LV�GHHPHG�WR�LQGLFDWH�WKDW�D�JLYHQ�GXUDWLRQ�RI�WLPH�LQ�D�

PRYLQJ�IUDPH�LV�PHDVXUHG�DV�PRYLQJ�VORZHU�IURP�D�VWDWLRQDU\�IUDPH��WKXV�WKH�XVXDO�

GHSLFWLRQ�RI�WKH�VSDFH�WUDYHOHU�ZKR�UHWXUQV�WR�HDUWK�DIWHU����\HDUV�RI�QHDU�VSHHG�RI�OLJKW�

WUDYHO��KDYLQJ�DJHG�RQO\�D�FRXSOH�RI�HDUWK�\HDUV���$V�LQ�WKH�ODVW�SDUDJUDSK��HTXDWLRQ��������

VWDWHV�WKH�VDPH�SK\VLFDO�FRQGLWLRQ�DV�HTXDWLRQ���������WKDW�WKH�XQLW�VWDQGDUG�RI�WLPH�LQ�D�

PRYLQJ�IUDPH�LV�VPDOOHU�WKDQ�WKH�XQLW�VWDQGDUG�LQ�D�VWDWLRQDU\�IUDPH��WKXV�DQ�LQWHUYDO�RI�

WLPH�LV�PHDVXUHG�DV�JUHDWHU��L�H��ORQJHU�DV�LV�D�OHQJWK��LQ�WKH�PRYLQJ�IUDPH��EXW�WKLV�GRHV�

QRW�QHFHVVDULO\�PHDQ�VORZHU����

�

,I�RXU�FORFNV�LQ�ERWK�WKH�PRYLQJ�DQG�WKH�VWDWLRQDU\�IUDPH�DUH�GHILQHG�DV�KDYLQJ�KDQGV�RI�D�

OHQJWK�PHDVXUHG�E\�HTXDWLRQ���������DQG�WKH�VSHHG�RI�WKH�HQG�RI�WKH�KDQG�LV�WKH�VSHHG�RI�

OLJKW��c��WKHQ�WKH�PRYLQJ�IUDPH�ZLOO�KDYH�D�ORQJHU�DUP�DQG�LWV�DQJXODU�YHORFLW\�ZLOO�

QHFHVVDULO\�EH�OHVV�WKDQ�WKDW�RI�WKH�VWDWLRQDU\�IUDPH��DQG�WKH�FORFN�LQ�M�ZLOO�URWDWH�DW�D�

VORZHU�UDWH�WKDQ�LQ�F���7KLV�LV�WKH�JHQHUDO�LQWHUSUHWDWLRQ�RI�WLPH�GLODWLRQ���2Q�WKH�RWKHU�

KDQG��LI�WKH�OHQJWK�RI�WKH�KDQG�LQ�M�LV�VHW�WR�WKH�XQLW�OHQJWK�VWDQGDUG��VPDOOHU�LQ�M�WKDQ�LW�

LV�LQ�F��WKHQ�WKH�VSHHG�RI�OLJKW�FRQVWUDLQW�IRU�WKH�VSHHG�RI�WKH�KDQG�WLS�ZLOO�UHVXOW�LQ�DQ�

LQFUHDVHG�DQJXODU�VSHHG�DQG�WKH�FORFN�LQ�M�ZLOO�VSLQ�IDVWHU���,Q�VXFK�FDVH�WLPH�ZLOO�VWLOO�EH�

PHDVXUHG�DV�JUHDWHU��L�H��ORQJHU�LQ�M�WKDQ�LQ�F��DV�D�FRXQW�RI�WKH�QXPEHU�RI�FORFN�F\FOHV�

ZRXOG�LQGLFDWH��LQ�NHHSLQJ�ZLWK�HTXDWLRQ���������VLQFH�J��LQ�WKLV�FDVH�LV�D�PHDVXUH�RI�WKH�
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UHODWLYH�DQJXODU�IUHTXHQFLHV�RI�M�DQG�F���7KLV�LV�VR�HYHQ�WKRXJK�WKH�OHQJWK�RI�WKH�FORFN�

KDQG�SDWK�LQ�NHHSLQJ�ZLWK�HTXDWLRQ�������LV�WKH�VDPH��RU�

� � � � �
o or r cZ Z  � �������

VLQFH�

� � �

� � � �
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o o
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�

:LWK�WKLV�LQ�PLQG��ZH�FDQ�FRPELQH�HTXDWLRQV��������DQG��������DV�ZH�GLG�LQ�HTXDWLRQ�

�������FRQYHUWLQJ�IURP�LQFUHPHQWDO�WR�GLIIHUHQWLDO�YDOXHV��DQG�JHW�WKH�HTXLYDOHQW�RI�

HTXDWLRQ���������ZKHUH�WKLV�ODVW�FDVH�H[SOLFLWO\�VKRZV�WKH�HTXLYDOHQFH�RI�WKH�GLIIHUHQWLDO�

OHQJWK�UDWLR�DQG�J��

� drdt dt dt
dr

J
c

c   �� �������

:H�KDYH�D�WHPSRUDU\�FRQXQGUXP��KRZHYHU��DV� �J t ��EXW�WKH�XQLW�OHQJWK�UDWLRV�LQ�

HTXDWLRQ��������DQG�DJDLQ�LI�LQYHUWHG�IURP�HTXDWLRQ��������LV�OHVV�WKDQ�����7KH�SUREOHP�

DULVHV�IURP�WKH�QDWXUH�RI�D�XQLW�VWDQGDUG���,I�LW�LV�IL[HG��DQ\�FKDQJH�LQ�DQ�LQWHUYDO��

GLIIHUHQWLDO�RU�LQFUHPHQWDO��ZLOO�YDU\�GLUHFWO\��SURSRUWLRQDO�WR�WKH�VWDQGDUG���,I�WKH�VWDQGDUG�

LWVHOI�YDULHV��WKHQ�WKH�QXPHULFDO�YDOXH�RI�D�IL[HG�LQWHUYDO�ZLOO�YDU\�LQGLUHFWO\�WR�WKH�FKDQJH�

LQ�WKH�VWDQGDUG��

�

*LYHQ�D�IL[HG�LQWHUYDO�� l lc{ ��ZKLFK�LV�UHODWHG�QRPLQDOO\�E\�J��DV�PHDVXUHG�IURP�IUDPHV�

M RYHU�F��HTXDWLRQ��������PHDVXUHV�WKH�LGHQWLFDO�LQWHUYDO��dt dtc{ �IURP�WZR�GLIIHUHQW�
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SK\VLFDO�VWDQGDUGV���(TXDWLRQ��������UHODWHV�WZR�XQLW�VWDQGDUGV�� � �
ot t! ��WKDW�YDU\�

SURSRUWLRQDOO\�WR�WKH�WZR�RWKHU�XQLW�VWDQGDUGV�� � �
or r! ��DOO�UHODWHG�E\�c���7KXV��

�
� �

o

l l
r r
J

c
 � �������

� �

�
o

r
r

J?  � �������

�

:H�UHWXUQ�QRZ�WR�WKH�FKDUWV�WR�VHH�KRZ�WKLV�PLJKW�EH�UHSUHVHQWHG�JUDSKLFDOO\���&KDUW���

VKRZV�DQ�HQODUJHPHQW�RI�WKH�WRS�SRUWLRQ�RI�&KDUW���D�LQ�WKH�QHLJKERUKRRG�RI�WKH�WLPH� �t LQ�

F���:H�DUH�DQDO\]LQJ�RQO\�WKH�HIIHFWV�RI�WKH�IDFWRU�J��RQ�WKH�WZR�UHIHUHQFH�IUDPHV�DQG�

GLVUHJDUGLQJ�WKH�'RSSOHU�HIIHFW�RI����E����3RLQW�A�UHSUHVHQWV�WKH�LQWHUVHFWLRQ�RI�WKH�OLQH�RI�

PRWLRQ�RI�M�LQ�F�DQG�WKH�WLPH�FRRUGLQDWH�LQ�F�IRU�WLPH �t ��GHVLJQDWHG�DV� � ��,F x t ���,Q�

UHIHUHQFH�IUDPH�M��EDVHG�RQ�WKH�DERYH�GLVFXVVLRQ�DQG�HTXDWLRQV��������DQG���������WKLV�

VDPH�SRLQW�ZRXOG�EH�PHDVXUHG�DV� � ��,M x tJ J ��ZKLFK�DV�GUDZQ�IRU� � �.E  ��VR�WKDW�

� ����. ...J  ��ZRXOG�EH��������«��������«����)LQDOO\��EDVHG�RQ�WKHVH�VDPH�WZR�

HTXDWLRQV�WKLV�SRLQW�LV�H[SUHVVHG�DV�WKH�LQWHUVHFWLRQ�RI� xc DQG� �t c ��DV�VKRZQ�LQ�WKH�VTXDUH�

EUDFNHWV�RU� � ��,M x t cc ������

�
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Chart 2 - γ Component of Lorentz Transformation
Figure 9 �

�

3RLQW�B�VKRZV�WKH�FR�RUGLQDWHV�LQ�F�FRUUHVSRQGLQJ�WR�WKH�QXPHULFDO�YDOXHV�RI�

� ��,M x tJ J ��DQG�WKHUHIRUH�UHSUHVHQWV�DQ�H[SDQVLRQ�RI�WKH�OLQH�IRU�v�E\�WKH�YDOXH�RI�J���

7KXV�LW�H[SUHVVHV�M�LQ�WHUPV�RI�F�DQG�LV�QXPHULFDOO\�HTXDO�WR�WKH�YDOXH� � ��,M x t cc ����

�

3RLQW�C�VKRZV�WKH�QXPHULFDO�YDOXH�LQ�WHUPV�RI�F�IRU�WKH�LQYHUVH�RI� � ��,M x t cc �RU�

� ��,M x t cc� ���7KXV�LI�ZH�ZHUH�WR�GHVLJQDWH� � ��,M x t cc �LQ�M�DV� � �� � � �. , .M �� � ��,M x t cc� �

ZRXOG�EH� � �� ��� � ���. ..., . ...F ���7KH�WLPH�FRPSRQHQW�RI�C�WKHQ�UHSUHVHQWV�WKH�proper�

time�� �W ��WKH�QDXJKW�VXEVFULSW�XVHG�WR�LQGLFDWH�LWV�VSHFLILFLW\�WR�D�XQLW�WLPH�VWDQGDUG�� �t c ��

RI�M��ZKHQ�PHDVXUHG�IURP�F��DQG�LQ�NHHSLQJ�ZLWK�WKH�FRQFHSW�RI�WLPH�GLODWLRQ��LW�LV�

ORQJHU�LQ�M�WKDQ�LQ�F���7KXV�IRU�D�YDOXH�LQ�M�RI� � �t c  ��F�ZLOO�SHUFHLYH�DQ�HODSVHG�WLPH�LQ�

M�RI� � � ���. ...W  ���2QFH�DJDLQ��ZKLOH�JHQHUDOO\�LQWHUSUHWHG�DV�D�VORZLQJ�RI�WLPH�LQ�M��

WKLV�³OHQJWKHQLQJ´�RI�WLPH�FDQ�EH�DWWULEXWHG�WR�D�VKRUWHQLQJ�RI�WKH�WLPH�VWDQGDUG��



����

�

7KLV�LV�DOO�YHU\�LQWHUHVWLQJ��EXW�LW�ZRXOG�EH�PRUH�LOOXVWUDWLYH�LI�ZH�FRXOG�ILQG�DQ�HVVHQWLDO�

GHSLFWLRQ�RI�WKH�UHODWLRQVKLS�RI�F�DQG�M�LQYROYLQJ�J��DQG� �W ����)RU�LQVWDQFH��WKH�OHQJWK�RI�

v�IURP�F��WR�WKH�WKUHH�SRLQWV��A��B�DQG�C��HPERGLHV�WKH�IDFWRU�RI�J���EXW�WKDW�IDFWRU�GRHV�

QRW�DULVH�QDWXUDOO\��RU�DW�OHDVW�UHDGLO\��IURP�DQ�DQDO\VLV�RI�WKH�FKDUWLQJ�RI�v����

�

7KH�SUREOHP�OLHV�LQ�WKH�GXDO�XWLOLW\�RI�WKH�FKDUW�LWVHOI���2Q�WKH�RQH�KDQG�LW�UHSUHVHQWV�D�

&DUWHVLDQ�EDFNJURXQG�IRU�WKH�SORWWLQJ�RI�WZR�UHODWHG�ELWV�RI�GDWD��ORFDWLRQ�LQ�WLPH�DQG�LQ�

VSDFH���)URP�WKLV�SHUVSHFWLYH��WKH�ULJKW�KDQG�HQG�RI�WKH�VSHHG�RI�OLJKW�FXUYH��c��DW�WKH�

XSSHU�ULJKW�FRUQHU�RI�WKH�FKDUW��UHSUHVHQWV�WKH�WLPH�HODSVHG�LQ�F�GXULQJ�WKH�GLVSODFHPHQW�

RI�D�OLJKW�ZDYH�RU�SKRWRQ�E\�RQH�XQLW��RU� � �� �,F r t ���2Q�WKH�RWKHU�KDQG��LW�LV�D���'�FKDUW�RI�

VSDFHWLPH�LWVHOI��ZKHUH�WKH�VSHHG�RI�OLJKW�GHWHUPLQHV�WKH�XQLW�VSHHG�IRU�WKH�SDVVDJH�RI�D�

VWDWLRQDU\�UHIHUHQFH�IUDPH�WKURXJK�WLPH�RU�RI�D�GLVSODFHPHQW�WKURXJK�VSDFH�ZLWK�QR�

SDVVDJH�RI�WLPH���7KLV�VHFRQG�XVDJH�PHDQV�WKDW�LQ�WLPH� �t ��WKH�OLPLW�RI�WUDYHO�RI�D�

VSDFHWLPH�YHFWRU�LQ�WKH�XQLW�VSDFHWLPH�LV�D�FLUFOH��RU�LQ�RXU�FKDUW��D�TXDUWHU�FLUFOH��

GHVFULEHG�E\�WKH�XQLW�VSDFHWLPH�YHFWRU�� �R ��ZKHUH�

� � �
�
�� �

�R r t � �� �������

:H�ZLOO�XVH�WKH�GHVLJQDWLRQ� �R IRU�ERWK�WKH�YHFWRU�DQG�WKH�FLUFOH�GHVFULEHG�XVLQJ�LW�DV�D�

UDGLXV��GHSHQGHQW�RQ�FRQWH[W���:KHQ� �R LV�RUWKRJRQDO�WR�WKH�WLPH�D[LV�LW�LV�D�SXUH�VSDFH�

YHFWRU�DQG�HTXDOV� �r DQG�ZKHQ�RUWKRJRQDO�WR�WKH�VSDFH�D[LV�LV�D�SXUH�WLPH�YHFWRU�DQG�

HTXDOV� �t ���,W�VKRXOG�EH�PHQWLRQHG�WKDW�LQ�D���'�VSDFHWLPH�� �R LV�DQ�LQYDULDQW���YHFWRU��EXW�

WKDW�LW�LV�QRW�WKH�VDPH���YHFWRU�UHVLGLQJ�LQ�0LQNRZVNL�VSDFH��DV�JHQHUDOO\�XVHG�LQ�
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UHODWLYLW\��DV�WKH�WLPH�YHFWRU�LV�QRW�VXEWUDFWHG��EXW�UDWKHU�LV�DGGHG�WR�WKH�WKUHH�VSDFH�

YHFWRUV��DV�LQ�HTXDWLRQ����������

�

'UDZLQJ�WKLV�FRQGLWLRQ�RQ�WKH�XQLW�VSDFHWLPH�IRU�F�JLYHV�XV�&KDUW���D��DQG�ZH�QRWLFH�

LPPHGLDWHO\�WKDW�WKH�YHORFLW\�FXUYH�XVHG�IRU�WKH�PRYLQJ�IUDPH�M�WHUPLQDWHV�DW�A��EH\RQG�

WKH�OLPLW�LPSRVHG�E\�c��WKDW�LV��LW�YLRODWHV�RQH�RI�WKH�EDVLF�DVVXPSWLRQV�RI�UHODWLYLW\���7R�

FRUUHFW�WKLV��LQ�&KDUW���E�ZH�GUDZ�WKH�YHORFLW\�FXUYH�� ov ��WKURXJK�WKH�LQWHUVHFWLRQ�RI�

�R DQG� �x �DW� �A ��DV�VKRZQ�LQ�FORVH�XS�LQ�&KDUW����DQG�ILQG�RQ�FORVHU�LQVSHFWLRQ�WKDW�WKLV�

FRUUHVSRQGV�ZLWK�WKH�WLPH�YDOXH�RI� �W IRU� �x ���,Q�IDFW��IRU�DQ\�YDOXH�RI� �� x r� � ��WKLV�

FRQGLWLRQ�ZLOO�EH�IRXQG�WR�KROG��ZKLFK�PHDQV�WKDW�WKH�VHFDQW�RI�WKH�DQJOH�EHWZHHQ� �t DQG�

ov �HTXDOV�J��RU�

�
� �

o oOB OA
t
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Chart 3 - Contraction of γ Component of Lorentz Transformation
Figure 10 �

�
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&KDUW���F��D�FRQGLWLRQ�DW�D�PXFK�KLJKHU�YHORFLW\��VKRZV�PRUH�FOHDUO\�WKH�UHODWLRQVKLS�RI�

ov DQG� �W ���:H�FRQVWUXFW�D�VHFRQG�FLUFOH�IRU� �
oR VXFK�WKDW � � �

o o oR r t  ��ZKHUH�

� � �
ot W{ � �������

�

7KH�RUWKRJRQDO�SURMHFWLRQ�RI�WKH�LQWHUVHFWLRQ�RI� �R DQG� ov �RQWR�t��LQWHUVHFWV�DW� �W �DQG�

LQWHUVHFWV�WKH�FXUYH�v�DW�SRLQW�C��ZKLOH�DQ�RUWKRJRQDO�SURMHFWLRQ�IURP�C�RQWR�

�r LQWHUVHFWV �
oR DQG� ov DW�WKH�VDPH�SRLQW�� oC ���7KXV�ZH�KDYH�WKH�VLPLODU�

WULDQJOHV� o o o oB AA A CC� ��DQG� �
oR �UHSUHVHQWV�D�FRQWUDFWLRQ�LQ�WKH�PRYLQJ�IUDPH�RI�WKH�

XQLW�VSDFHWLPH�YHFWRU� �R ����

�

&KDUW���LV�D�FORVH�XS�YLHZ�RI�WKH�WRS�SRUWLRQ�RI�&KDUW���E��VKRZLQJ�WKH�FRQWUDFWLRQ�RI�v�

LQWR� ov ���:H�ZLOO�FDOO�WKLV�UHIHUHQFH�IUDPH� oF ��� oA UHSUHVHQWV�WKH�VDPH�SK\VLFDO�FRQGLWLRQ�

DV�A�LQ�F���7KH�GLVSODFHPHQW�x�UHPDLQV�DV�WKH�VDPH�SHUFHQWDJH�RI� �r ��EXW�WKH�WLPH�VFDOH�DW�

WKDW�SRLQW�LV�QRZ�WKH�SURSHU�WLPH�� �W ����,Q�VTXDUH�EUDFNHWV��WKDW�VDPH�SRLQW�LQ� oM LV�

QXPHULFDOO\�LGHQWLFDO�WR� � ��,M x tJ J �DW�A��KRZHYHU��WKH�XQLW�WLPH�VWDQGDUG�� � �ot  �DQG�WKH�

UHODWHG� ox ��DUH�LQ� oM �LQVWHDG�RI�F���7KXV�WKH�XQLW�VWDQGDUG�LV�ORFDO�WR� oM �LQVWHDG�RI�WKH�

H[SUHVVLRQ�RI�D�VWDWLRQDU\�VSDWLDO�EDFNJURXQG���,I�ZH�FDQ�WKLQN�RI�WKH�WLPH�GLPHQVLRQ�

o
tM DV�EHLQJ�LQFOLQHG�DORQJ�WKH�VORSH�RI� ov LQVWHDG�RI�RUWKRJRQDO�DV�LQ�F��WKH�VDPH�

VSDFHWLPH�QXPHULFDO�YDOXHV�KROG�LQ�ERWK�UHIHUHQFH�IUDPHV��

�
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,Q�NHHSLQJ�ZLWK�WKLV�REVHUYDWLRQ�� oC LV�SURSRUWLRQDOO\�WKH�VDPH�WR� oA DV�C�LV�WR�A���,Q�

oM ��WKH�XQLW�WLPH�DQG�VSDFH�VWDQGDUGV�DSSO\�DV�LQGLFDWHG�E\� �
oR ��VR�WKDW� � ��,o o oM x t �LV�

QXPHULFDOO\�HTXDO�WR� � ��,F x t VKRZQ�DW�A��RU�LQ�WKLV�FDVH���������������)RU�WKH�SURSHU�WLPH��

ZLWK�DOO�YDOXHV�LQ�XQLWV�RI�F��ZH�KDYH�WKH�IROORZLQJ�LGHQWLW\���

� � ��
� � �

o o
tt t F CW J J�{ {  � �������

�

3RLQW� oB LQGLFDWHV�WKH�QDWXUH�RI�WLPH�GLODWLRQ�DV�FRQYHQWLRQDOO\�ILJXUHG���$W�SRLQW� oA ��

oM KDV�WUDYHOHG�WKH�VDPH�OHQJWK�RI�WLPH�DV�F��DV�JLYHQ�E\� � �R t ��EXW�WR�F�WKLV�LV�

UHJLVWHUHG�DV�WKH�SURSHU�WLPH� �W ���%\�WKH�WLPH� oM UHDFKHV oB ��ZKLFK�F�UHJLVWHUV�DV������F�

KDV�PRYHG�RQ�LQ�WLPH�WR� �tJ ���7KH�OHQJWK�RI� ov �� oOB ��LV�HTXDO�WR�J��

�

Chart 4 - Closeup of Contraction
Figure 11

�

�
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3HUKDSV�WKH�PRVW�VLJQLILFDQW�DVSHFW�RI�WKLV�UHSUHVHQWDWLRQ�LV�WKDW�WKH�VHFDQW�RI�WKH�DQJOH�RI�

�t 2 ov HVWDEOLVKHV�J��XQGHUVFRULQJ�WKH�JHRPHWULF�QDWXUH�RI�WLPH���([SDQGLQJ�RQ�WKH�

UHODWLRQVKLSV�RI�HTXDWLRQ���������ZH�KDYH�

� � �

� � � �

o o o

o o

R tOB OA OB OB OA
t R OA OCOA
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:H�KDYH�H[DPLQHG�WKH�/RUHQW]�WUDQVIRUPDWLRQ�ZLWK�UHVSHFW�WR�WLPH�DQG�SURSHU�WLPH��EXW�D�

VLPLODU�DQDO\VLV�FRXOG�EH�PDGH�ZLWK�UHVSHFW�WR�VSDFH�DQG�D�SURSHU�GLVWDQFH�DV�PRGLILHG�

IURP�WKH�FRQYHQWLRQDO�0LQNRZVNL�UHSUHVHQWDWLRQ�DV�QRWHG�HDUOLHU���7KH�FDVH�RI�WLPH�LV�

PRUH�JHUPDQH�WR�RXU�SUHVHQW�GLVFXVVLRQ��DV�ZLOO�EH�VHHQ��

�

7KH�DERYH�FKDUWV�VXJJHVW�WKDW�VSDFHWLPH�FXUYDWXUH�LV�DV�PXFK�D�PDWWHU�RI�FXUYDWXUH�RI�

WLPH�DV�LW�LV�RI�VSDFH���&KDUW���LQGLFDWHV�WKDW�DV�D�PRYLQJ�UHIHUHQFH�IUDPH�DSSURDFKHV�WKH�

VSHHG�RI�OLJKW�DQG�v�DSSURDFKHV�FR�OLQHDULW\�ZLWK�c�� ov DQG�J��DSSURDFK�LQILQLW\�DQG�FR�

OLQHDULW\�ZLWK�WKH�VSDFH�D[LV��r��DQG�WKH�WLPH�DQG�GLVWDQFH�VFDOHV�LQGLFDWHG�E\� �
oR EHFRPH�

H[FHHGLQJO\�VPDOO��DQG�LQ�WKH�VDPH�SURSRUWLRQ���7KLV�LV�SUHFLVHO\�ZKDW�ZH�DQDO\]HG�

LQLWLDOO\�ZLWK�HTXDWLRQ�������DQG�D�F\FOLFDO�WLPH�GLPHQVLRQ���,I�ZH�HQYLVLRQ�M�DV�DQ�

DFFHOHUDWLQJ�UHIHUHQFH�IUDPH�VWDUWLQJ�IURP�UHVW�DW� OF DQG�DFFHOHUDWLQJ�WR�c�ZLWKLQ�WKH�ILUVW�

XQLW�RI�VSDFHWLPH��ZH�ZRXOG�ILQG�WKDW�WKH�FRQWUDFWHG�YHORFLW\�FXUYH�� ov ��DQG�WKH�FROOLQHDU�

FRQWUDFWHG�WLPH�GLPHQVLRQ�ZRXOG�FXUYH��DQG�WKDW�XQGHU�FHUWDLQ�FRQVWUDLQWV���ZRXOG�DUF�

OLNH�D�TXDUWHU�FLUFOH���,WV�FRQVWDQWO\�VKRUWHQLQJ�WLPH�VWDQGDUG�� �
ot ��WKHQ�LV�DOLJQHG�ZLWK�WKH�
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DUF�RI�J��DQG�LWV�VSDFH�VWDQGDUG�� �
or ��FRUUHVSRQGLQJO\�VKRUWHQHG��URWDWHV�ZLWK�DQG�

RUWKRJRQDOO\�WR�LW����

�

$�SK\VLFDO�LQVWDQFH�RI�WKLV�VKRUWHQLQJ�RI�ERWK� �
or DQG� �

ot �FDQ�EH�IRXQG�E\�H[DPLQLQJ�WKH�

QDWXUH�RI�WKH�GH%URJOLH�ZDYHOHQJWK�RI�D�PDVVLYH�SDUWLFOH���:H�DVVXPH�WKDW�WKH�UHGXFHG�

&RPSWRQ�ZDYHOHQJWK�� C� �LV�LQGLFDWLYH�RI�WKH�UHVW�VWDWH�RI�VXFK�D�SDUWLFOH��DQG�LV�

GHWHUPLQHG�E\�GLYLGLQJ�WKH�UHGXFHG�3ODQFN¶V�FRQVWDQW��= ��E\�WKH�SURGXFW�RI�WKH�VSHHG�RI�

OLJKW�DQG�WKH�SDUWLFOHV�UHVW�PDVV��m��

� C mc
 
=� �� �������

7KH�UHGXFHG�GH%URJOLH�ZDYHOHQJWK�� dB� ��LV�WKH�TXRWLHQW�RI� = DQG�WKH�SDUWLFOH¶V�UHODWLYLVWLF�

PRPHQWXP��p��DW�YHORFLW\��v��JLYHQ�DV�

� dB p mvJ
  
= =� � �������

ZKHUH�WKH�IDFWRU�J��LV�WKH�VDPH�DV�XVHG�LQ�WKH�GHYHORSPHQW�DERYH���&RPELQLQJ�DQG�VRPH�

UHDUUDQJHPHQW�JLYHV�XV�WKH�UDWLR�RI�WKHVH�UHGXFHG�ZDYHOHQJWKV�DV��
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�

,Q�&KDUW����WKLV�LV�UHSUHVHQWHG�E\�WKH�WDQJHQW�RI�DQJOH�T�EHWZHHQ�WKH�WLPH�D[LV�LQ�F�DQG� ov �

DQG�JLYHV�WKH�UDWLR�RI�WKH�SDUWLFOH�YHORFLW\�LQ�F��ZKHUH� � � � �oA x A x ��DQG�WKH�FRQWUDFWHG�

XQLW�VWDQGDUG�� �
or ���7KXV�
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6LQFH�WKH�IUHTXHQF\�DQG�ZDYHOHQJWK�DUH�UHODWHG�DV�
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WKHUHIRUH�ZH�DOVR�KDYH�
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&RQVLGHULQJ�D�QRUPDOL]HG�IUHTXHQF\��WKDW�LV��ZKHUH�WKH�DQJXODU�GLVSODFHPHQW�� �T T ��

DOZD\V�HTXDOV���DQG�WKH�WLPH�FRQVHTXHQW�YDULHV�DFFRUGLQJ�WR�WKH�SDUWLFXODU�F�IURP�ZKLFK�

LW�LV�REVHUYHG��ZH�FDQ�LQWHJUDWH�HTXDWLRQ��������IRU�DQ\�WLPH� � �
o ot qt q t  �

�
� �
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VKRZLQJ�WKDW�J��LV�VLPSO\�WKH�IUHTXHQF\�UDWLR�RI�WKH�XQLW�VWDQGDUGV�RI�VSDFH�DQG�WLPH�

EHWZHHQ�D�PRYLQJ�DQG�D�VWDWLRQDU\�UHIHUHQFH�IUDPH��

�

,W�LV�ZRUWK�QRWLQJ�WKH�FDVH�ZKHQ �
� � ��
o ox R r r   ��WKDW�LV��ZKHQ�r�HTXDOV�t�DW�WKH�

LQWHUVHFWLRQ�RI�WKH�FXUYH�RI�c�DQG� �R ���,I�ZH�FRQVLGHU�D�PDVVLYH�SDUWLFOH�DV�VRPH�PDQQHU�

RI�SK\VLFDO�VWDWLRQDU\�ZDYHIRUP��L�H��D�ERXQG��URWDWLQJ�ZDYH��D�UDWLR�RI�r�DQG�t�RI�XQLW\�

UHSUHVHQWV�WKH�SRLQW�DW�ZKLFK�WKH�WUDQVODWLRQDO�GLVSODFHPHQW�RI�WKH�SDUWLFOH�LQ�VSDFH�EHJLQV�

WR�RXWUXQ�WKH�WUDQVYHUVH�ZDYH�GLVSODFHPHQW��L�H��LWV�GLVSODFHPHQW�LQ�WLPH���,W�LV�WKH�SRLQW�DW�

ZKLFK�WKH�FRQWUDFWHG�YHORFLW\� ov ��HTXDOV�WKH�VSHHG�RI�OLJKW���3ULRU�WR�WKDW�SRLQW�WKH�

ZDYHIRUP�ZRXOG�FRQFHLYDEO\�IODWWHQ�LQ�VSDFH�LQ�WKH�IRUP�RI�DQ�REODWH�VSKHURLG���)URP�

WKDW�SRLQW�RQ��WKH�ZDYHIRUP�PXVW�FRQWUDFW�LQ�DOO�GLPHQVLRQV�VR�WKDW�LWV�WUDQVYHUVH�PRWLRQ�

UHPDLQV�LQ�SKDVH�ZLWK�LWV�WUDQVODWLRQ��FRQIRUPLQJ�WR�WKH�GH%URJOLH�ZDYHOHQJWK��

�

,W�IROORZV�LPPHGLDWHO\�WKDW�IURP�DQ\�UHIHUHQFH�IUDPH�F�LQ���'�VSDFHWLPH��IRU�D�PRYLQJ�

IUDPH�M��D�XQLW�VWDQGDUG�FDQ�EH�JLYHQ�IRU�VSDFH�E\� �
or DQG�IRU�WLPH�E\� �

ot ��ERWK�UHODWHG�WR�

D���YHFWRU��RI�DGGLWLYH�FRPSRQHQWV��� �
oR ��DV�
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�
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ZKHUH� �ix �DUH���RUWKRQRUPDO�EDVHV��V\PPHWULF�ZLWK�UHVSHFW�WR� �r ��
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�

,I�ZH�VKLIW�WKH�RULJLQ�RI� �t
o �LQ�&KDUW���F�IURP�WKH�RULJLQ�RI� �r

o �WR�LWV�SRLQW��ZH�KDYH�WKH�

FRQILJXUDWLRQ�VKRZQ�LQ�7LPH�6FDOH���DQG�����)URP�WKHUH�ZH�FDQ�H[WUDSRODWH�WR�WKH���'�

IRUP�VKRZQ�LQ�7LPH�6FDOH���IRU�WKH�H[SUHVVLRQ�RI�D���GLPHQVLRQDO�FORFN����

�

$�VWDWHPHQW�LV�LQ�RUGHU�FRQFHUQLQJ�WKH�³UHODWLYLW\´�RI�WKH�UHIHUHQFH�IUDPHV�F�DQG�M��DQG�

WKDW�RI�WKH�VSDFHWLPH�VFDOHV� �R DQG� �
oR ���$VVXPLQJ�WKDW�F�UHVLGHV�LQ�DQ�H[SDQGLQJ���

PDQLIROG��LI�WKDW�UHVLGHQFH�LV�LVRWURSLF�ZLWK�UHVSHFW�WR�FRVPRORJLFDO�UHG�VKLIW��WKHQ�ZH�FDQ�

VWDWH�WKDW�WKH�ORFDO�SRVLWLRQ�RI�F�LV�VWDWLRQDU\�ZLWK�UHVSHFW�WR�VSDFH�DQG�LQ�DQ�H[WUHPDO��

SRVLWLRQ�RI�FKDQJH�ZLWK�UHVSHFW�WR�WLPH���2WKHUZLVH��F�ZRXOG�H[SHULHQFH�D�EOXH�VKLIW�LQ�

WKH�GLUHFWLRQ�RI�LWV�WUDYHO�ZLWK�UHVSHFW�WR�VSDFH���,Q�VLPLODU�IDVKLRQ��F�FRXOG�H[SHULHQFH�

VXFK�DQ�DQLVRWURS\�ZKLOH�URWDWLQJ�DERXW�D�FHQWHU��SHUKDSV�JDODFWLF�RU�VXSHUJDODFWLF��WKDW�LV�

LWVHOI�VWDWLRQDU\�RU�LVRWURSLF�ZLWK�UHVSHFW�WR�FRVPRORJLFDO�UHG�VKLIW���7KXV�DW�HYHU\�SRLQW�LQ�

VSDFHWLPH��DVVXPLQJ�DQ�LVRWURSLF�H[SDQVLRQ��WKHUH�H[LVWV�D�SRWHQWLDO�F�IRU�ZKLFK� �R LV�D�

ORFDO�PD[LPXP��WKRXJK �R �DW�DOO�SRLQWV�QHHG�QRW�EH�LGHQWLFDO���)RU�DQ\�PRYLQJ�UHIHUHQFH�

IUDPH�M�DW�WKDW�VDPH�SRLQW�� � �
oR R� ��

�

%\�WKLV�DQDO\VLV��ZH�FDQ�HQYLVLRQ�D���'�VSDFHWLPH�ZLWK�/RUHQW]�FRYDULDQFH�LQ�ZKLFK�WKH�

WLPH�GLPHQVLRQ�LV�PRGHOHG�DV�D�FRPSDFWLILHG�URWDWLRQDO�GLPHQVLRQ�RUWKRJRQDO�WR�WKH�WKUHH�
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VSDFH�GLPHQVLRQV��DV�GHYHORSHG�HDUOLHU���+DYLQJ�WDNHQ�WKLV�VLGH�WULS�LQWR�DQ�LQYHVWLJDWLRQ�

RI�VSDWLDO�DQG�WHPSRUDO�OHQJWK��ZH�FDQ�QRZ�ORRN�DW�WKH�FRQFHSW�RI�PDVV��

�

2 – Geometrization of Mass in Classical and Quantum Theories�

�

,Q�KLV�ERRN��&RQFHSWV�RI�0DVV�LQ�&RQWHPSRUDU\�3K\VLFV�DQG�3KLORVRSK\��0D[�-DPPHU�

GHOLQHDWHV�WKUHH�W\SHV�RI�PDVV��LQHUWLDO��DFWLYH�JUDYLWDWLRQDO��FRUUHVSRQGLQJ�WR�D�VRXUFH��

DQG�SDVVLYH�JUDYLWDWLRQDO��FRUUHVSRQGLQJ�WR�D�WHVW�SDUWLFOH���DQG�FRQFOXGHV�WKDW�WKH�MXU\�LV�

VWLOO�RXW�DV�WR�ZKHWKHU�WKHVH�UHSUHVHQW�GLVWLQFW�FRQFHSWV�RI�PDVV���/RRNLQJ�DW�WKH�UHODWHG�

FRQFHSW�RI�LQHUWLD��ZH�FDQ�UHDGLO\�VHH�WKDW�LW�FDQ�EH�TXDQWLILHG�LQ�WHUPV�RI�OHQJWK�DQG�WLPH�

E\�WKH�FRQFHSWV�RI�OLQHDU�DQG�DQJXODU�GLVSODFHPHQW�DQG�WKHLU�GHULYDWLYHV���)RU�VLPSOLFLW\��

ZH�OLPLW�RXU�WKRXJKW�H[SHULPHQWV�WR�DQDO\VLV�LQ�RQH�VSDWLDO�GLPHQVLRQ��XQOHVV�VWDWHG�

RWKHUZLVH��

�

Inertial Mass 

�

,QHUWLD�LV�D�UHVLVWDQFH�WR�DQ\�FKDQJH�LQ�WKH�PRPHQWXP�RI�D�ERG\����

�� $Q�DEVROXWH�RU�LQILQLWH�LQHUWLD�ZRXOG�LQGLFDWH�LPPRELOLW\�RU�D�GLVSODFHPHQW�RI�

�dx  �IURP�WKH�UHIHUHQFH�IUDPH�RI�WKDW�ERG\�RU�D�FKDQJH�LQ�YHORFLW\�RI� �dv  �

IURP�DQ\�DUELWUDU\�UHIHUHQFH�IUDPH��UHVXOWLQJ�IURP�LQWHUDFWLRQ�ZLWK�DQRWKHU�ERG\����

�� $Q�DEVROXWH�ODFN�RI�RU�]HUR�LQHUWLD�ZRXOG�LQGLFDWH�DQ�LQVWDQWDQHRXV�GLVSODFHPHQW�

RI�a��DQ�XQGHILQHG�RU�UHODWLYH�LQILQLWH�GLVSODFHPHQW�RU�FKDQJH�LQ�YHORFLW\�GXH�WR�D�

ILQLWH�GLVSODFHPHQW�ZLWK�]HUR�SDVVDJH�RI�WLPH�UHVXOWLQJ�IURP�VXFK�LQWHUDFWLRQ����



����

�� $�ILQLWH�GLVSODFHPHQW�RI�D�ERG\��a��RYHU�D�ILQLWH�WLPH�GXUDWLRQ�UHVXOWLQJ�IURP�LWV�

LQWHUDFWLRQ�LV�DQ�LQYHUVH�PHDVXUH�RI�LWV�ILQLWH�LQHUWLD��L�H��RI�LWV�LQHUWLDO�PDVV����

�

:KLOH�³ERG\´�KDV�EHHQ�KLVWRULFDOO\�FRQFHLYHG�DV�D�FODVVLFDO�HQWLW\��VXEVWLWXWLRQ�RI�WKH�

WHUP�³SDUWLFOH´�XQGHUVWRRG�LQ�TXDQWXP�WHUPV��VKRXOG�QRW�FKDQJH�WKH�PHDQLQJ�RI�³LQHUWLD´����

$�IUHH�ERG\�RU�SDUWLFOH�LV�FODVVLFDOO\�FRQFHSWXDOL]HG�DV�PRYLQJ�ZLWKLQ�DQG�WKURXJK�D�IODW��

WKUHH�GLPHQVLRQDO�VSDFH��VDLG�VSDFH�RI�LWVHOI�DQG�LQ�WKH�DEVHQFH�RI�DQ\�ILHOG�SRWHQWLDO�RU�

RWKHU�ERGLHV�RU�SDUWLFOHV�RI�HLWKHU�PDVV�RU�HQHUJ\��FRQVWLWXWLQJ�ERWK�D�SKHQRPHQRORJLFDO�

DQG�DQ�RQWRORJLFDO�YRLG���%\�WKH�DERYH�GHILQLWLRQ�DQG�RXU�H[SDQVLRQ�RI�LW��KRZHYHU��D�

VSDFH�XSRQ�ZKLFK�ZH�FDQ�VXSHULPSRVH�D�PHWULF��LQ�DQG�RI�LWVHOI�H[KLELWV�WKH�SURSHUW\�RI�

LQHUWLD��VLQFH�LW�KDV�D�GHILQLWH�UHVLVWDQFH�WR�FKDQJH�DQG�LQ�WKH�FDVH�RI�SK\VLFDO�VSDFH��

DSSHDUV�WR�KDYH�D�ILQLWH��DOEHLW�DFFHOHUDWLQJ��H[SDQVLYH�PRPHQWXP�DV�HYLGHQFHG�E\�

FRVPRORJLFDO�UHG�VKLIW���%\�YLUWXH�RI�VXFK�SURSHUW\��VSDFH�HYHQ�ZLWKRXW�TXDQWXP�ILHOGV�

FDQ�QRW�EH�VDLG�WR�EH�HLWKHU�D�SKHQRPHQRORJLFDO�RU�DQ�RQWRORJLFDO�YRLG���:LWKLQ�VXFK�

VSDFH��WLPH�FDQ�EH�VHHQ�DV�WKH�SDWK�RI�LWV�LQHUWLDO�FKDQJH���

�

,Q�WKH�LQWHUHVW�RI�JDLQLQJ�D�JHRPHWULF��GHVFULSWLYH�H[SODQDWLRQ�RI�PDVV��LQHUWLDO�RU�

JUDYLWDWLRQDO��ZH�ZLOO�LQYHVWLJDWH�LQHUWLDO�PDVV�ILUVW�LQ�D�FODVVLFDO�WDUJHW�WHVW�ERG\���,Q�

JHQHUDO�UHODWLYLW\��JUDYLWDWLRQDO�ILHOG�VRXUFH�PDVV�LV�JHRPHWUL]HG�LQ�GLUHFW�UHODWLRQVKLS�WR�

OHQJWK��DQG�ZH�FDQ�ILQG�D�GLUHFW�UHODWLRQVKLS�EHWZHHQ�PDVV�DQG�OHQJWK�LQ�WKH�DJJUHJDWLRQ�

RI�ERGLHV�RU�SDUWLFOHV���$V�LQ�WKH�FDVH�RI�VWHOODU�FRQILJXUDWLRQV��WKH�SURGXFW�RI�WKH�YROXPH�

RI�WKH�ERG\�DQG�LWV�DYHUDJH�YROXPH�LQHUWLDO�GHQVLW\�FRPSXWHV�WKH�PDVV�RI�WKH�ERG\��VR�

WKDW�IRU�D�JLYHQ�GHQVLW\��WKH�UHGXFHG�FLUFXPIHUHQFH�RI�WKH�ERG\�JLYHV�D�JHRPHWUL]HG�
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DSSUR[LPDWLRQ�RI�LWV�PDVV���)RU�LQHUWLDO�WHVW�ERG\�a�WKH�PDJQLWXGH�RI�LWV�PDVV��ma��LV�

LQGLUHFWO\�SURSRUWLRQDO�WR�WKH�GLVSODFHPHQW��xa��RYHU�WKH�WLPH�LQWHUYDO�RI�DQ�LQWHUDFWLRQ��ta��

XQGHU�D�JLYHQ�LPSXOVH��J��IURP�DQRWKHU�ERG\�RU�VRXUFH��ZKLFK�UHVXOWV�LQ�D�ILQDO�YHORFLW\�

IRU�a�RI�va���

� �
�

a
a

a a

tJm J
v x

  �� ������

�

7KH�GHILQLWLRQ�RI�LPSXOVH�LV�WKH�LQWHJUDO�RI�IRUFH�ZLWK�UHVSHFW�WR�WLPH�ZKLFK�LV�HTXDO�WR�D�

FKDQJH�LQ�PRPHQWXP��'P��
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�

�
�J Ff

i

t

t
t dt P  '³ �� ������

�

:KLOH�LQ�JHQHUDO�WKH�IRUFH��KHQFH�WKH�DFFHOHUDWLRQ��ZLOO�YDU\�RYHU�WKH�GXUDWLRQ�RI�WKH�

LPSXOVH��IRU�HDVH�RI�LOOXVWUDWLRQ��ZH�ZLOO�XVH�D�FRQVWDQW�IRUFH�DQG�DFFHOHUDWLRQ��L�H���WKH�

DYHUDJH�RYHU�WKH�GXUDWLRQ���,Q�WKLV�FDVH�a�LV�DFFHOHUDWHG�IURP�DQ�LQLWLDO�YHORFLW\��vai��WR�D�

ILQDO�YHORFLW\��vaf��RYHU�WKH�WLPH�LQWHUYDO� �f i a at t t t t t'  �  �  ����7KH�WLPH�VXEVFULSWV�

LQGLFDWH�WKDW�DW�WLPH� �it t �� �aiv  ���6WDUWLQJ�DW�WKH�HQG�RI�VXFK�LQWHUDFWLRQ��DW�WLPH�

f at t ��WKH�ILQDO�YHORFLW\�RI�a�ZLOO�EH�UHDFKHG�DW af av v ��DQG�LW�ZLOO�FRQWLQXH�RQ�DW�WKDW�

YHORFLW\�DV�YLHZHG�IURP�LWV�RULJLQDO�UHIHUHQFH�IUDPH��F����

�

:H�DVVXPH�WKDW�WKH�VRXUFH�RI�WKH�LPSXOVH�DQG�WKH�WHVW�ERG\�H[LVW�LQ�D�VWHDG\�VWDWH�LQ�WKHLU�

UHVSHFWLYH�UHVW�IUDPHV�DQG�LQ�LVRODWLRQ�IURP�HDFK�RWKHU�DQG�DQ\�RWKHU�LQWHUDFWLRQV�ERWK�

EHIRUH�DQG�DIWHU�WKHLU�FROOLVLRQ��EXW�WKDW�GXULQJ�WKHLU�LQWHUDFWLRQ�WKH\�HDFK�XQGHUJR�DQ�

DFFHOHUDWLRQ�DQG�DQ�H[FKDQJH�RI�PRPHQWXP�DQG�HQHUJ\���7KXV�WKH�DFFHOHUDWLRQ�IRU�a�LV��
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6LQFH�WKH�WLPH�LQWHUYDO�IRU�WKH�DFFHOHUDWLRQ�RI�WKH�ERG\�DQG�WKH�WLPH�LQWHUYDO�IRXQG�LQ�WKH�

VWDWHPHQW�RI�LWV�YHORFLW\�LV�WKH�VDPH�DV�WKH�LQWHUDFWLRQ�LQWHUYDO��tf��ZH�KDYH�WKH�IROORZLQJ�

WLPH�LQGHSHQGHQW�SDUDPHWHU�RI�WKH�LQWHUDFWLRQ�
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f f ft t
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ZKHUH�WKH�OHWWHU�t��WDY��LV�DQ�LQHUWLDO�FRQVWDQW�RI�WKH�LQWHUDFWLRQ��RI�PDVV�OHQJWK�

GLPHQVLRQV���(TXDWLRQ�������FDQ�WKHQ�EH�H[SUHVVHG�LQ�D�WLPH�LQGHSHQGHQW�VFDODU�IRUP�

ZKHUH�PDVV�LV�WKH�LQYHUVH�PHDVXUH�RI�WKH�VSDFH�LQWHUYDO�RI�WKH�LQWHUDFWLRQ�����

� a
a

m
x
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:H�FDQ�SRVWXODWH�D�VHFRQG�FRQGLWLRQ��ZLWK�J�XQFKDQJHG��IRU�D�ERG\�b��IRU�ZKLFK��

� b am m! �� ������

7KHUHIRUH��ZH�KDYH��
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�

b
b

b b b

tJm J
v x x
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DQG�WKH�IROORZLQJ�LQHTXDOLW\�LV�DSSDUHQW�

� b av v� �� ������

7KLV�VXJJHVWV�WKDW�LI�xb�LV�HTXDO�WR�RU�OHVV�WKDQ�xa����
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� b at tt � �������

DQG�RU�LI�tb�LV�HTXDO�WR�RU�JUHDWHU�WKDQ�ta��

� b ax xd �� �������

EXW�WKDW�WKH�WLPH�LQWHUYDOV�FDQQRW�EH�HTXDO�LI� b ax x ���+RZHYHU��LQHTXDOLW\�������ZRXOG�

DOVR�KROG�DV�ORQJ�DV��

�
a a

x t
x t
' '

� �� �������

,Q�DQ\�FDVH��WKH�LQYHUVH�YHORFLW\�ZLOO�EH�JUHDWHU�IRU�vb��VR�WKDW�LI�t�LV�LQYDULDQW��WKH�PDVV�RI�

WKH�WHVW�ERG\�LV�DQ�LQYHUVH�PHDVXUH�RI�WKH�GLVSODFHPHQW�DQG�D�GLUHFW�PHDVXUH�RI�WKH�

LQYHUVH�YHORFLW\�RI�WKH�LQWHUDFWLRQ��DQG�D�JHRPHWUL]HG�PDVV�VKRXOG�UHIOHFW�WKDW�NLQHPDWLF�

UHODWLRQVKLS��,I�WKH�WHVW�ERG\�LV�³WHWKHUHG´�LQ�VRPH�PDQQHU�ZLWK�UHVSHFW�WR�LWV�LQLWLDO�OLQHDU�

UHIHUHQFH�IUDPH��VR�WKDW�LW�LV�IUHH�WR�PRYH�DORQJ�VRPH�FLUFXODU�SDWK�LQWR�DQ�DOWHUQDWH�

GLPHQVLRQ��WKDW�YHORFLW\�EHFRPHV�DQ�DQJXODU�PHDVXUH�LQVWHDG�RI�D�OLQHDU�RQH��DQG�PDVV�

EHFRPHV�D�PHDVXUH�RI�WKH�DQJXODU�IUHTXHQF\��

�

,W�LV�RI�LQWHUHVW�WKDW�LI�ZH�FRQVLGHU�D�VRXUFH�IRU�RXU�LPSXOVH�DERYH�IURP�D�FODVVLFDO�ERG\��

A��RI�PDVV��MA��ZKHUH�

� A aM m� �� �������

PRYLQJ�ZLWK�DQ�LQLWLDO�YHORFLW\�RI�VA��SULRU�WR�WKH�LQWHUDFWLRQ�ZLWK�a��ZH�ILQG�WKH�

LQWHUDFWLRQ�FRQIRUPV�WR�WKH�IROORZLQJ�HTXDWLRQ��

�
� �

� A
a A

A a

Mv V
M m
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7KHUHIRUH��DW�WKH�H[WUHPH��ZKHUH�ma�LV�QHJOLJLEOH��
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DQG�WKH�ILQDO�YHORFLW\�RI�WKH�WHVW�ERG\�LV�SULQFLSDOO\�D�IXQFWLRQ�RI�WKH�VRXUFH�YHORFLW\�DQG�

QRW�RI�WKH�VRXUFH�PDVV���:H�ZRXOG�H[SHFW�WKDW�D�VLPLODU�UHODWLRQVKLS�ZRXOG�KROG��LI�

LQVWHDG�RI�UHSUHVHQWLQJ�D�VRXUFH�LQ�DQ�HODVWLF�FROOLVLRQ��MA�UHSUHVHQWHG�D�JUDYLWDWLRQDO�

VRXUFH���,I�JUDYLWDWLRQDO�DQG�LQHUWLDO�PDVV�DUH�HTXLYDOHQW��WKHQ�MA�VA�UHSUHVHQWV�WKH�

LPSXOVH�JHQHUDWHG�E\�WKDW�VRXUFH��DQG�WKH�ILQDO�YHORFLW\�RI�D�WHVW�SDUWLFOH�a�LV�OLPLWHG�E\�

HTXDWLRQ����������7KXV�LI�VA�LV�OLPLWHG�E\�WKH�VSHHG�RI�OLJKW��c��WKHQ�va�ZLOO�EH�OLPLWHG�WR�

�c���:KLOH�WKLV�DSSHDUV�WR�EH�D�YLRODWLRQ�RI�WKH�SRVWXODWHV�RI�UHODWLYLW\��ZKHQ�ZH�H[DPLQH�

WKH�SURSHUWLHV�RI�DQ�H[WUHPH�.HUU�PHWULF�ODWHU��ZH�ZLOO�ILQG�VRPH�MXVWLILFDWLRQ��VLQFH���LV�

WKH�FRHIILFLHQW�IRU�WKH�WDQJHQWLDO�RU�DQJXODU�FRPSRQHQW�RI�WKH�PHWULF�DW�WKH�KRUL]RQ��

�

:LWK�UHVSHFW�WR�D�TXDQWXP�LQWHUDFWLRQ��ZH�VHH�WKDW�HTXDWLRQ�������LV�UHODWHG�WR�WKH�DFWLRQ��

S��RI�WKH�LQWHUDFWLRQ��XVLQJ�0DXSHUWXLV¶�SULQFLSOH��E\�
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$V� S  = �LV�DQ�LQYDULDQW�RI�WKH�TXDQWXP�LQWHUDFWLRQ��DQG�m�DQG�x�DUH�LQYHUVHO\�UHODWHG��VR�

t�PXVW�EH�LQYHUVHO\�UHODWHG�WR�m DV�ZHOO��DQG�GLUHFWO\�UHODWHG�WR�x DV�GHPRQVWUDWHG�LQ�WKH�

SUHYLRXV�VHFWLRQ���,QYHUVH�WLPH�LV�WKH�H[SUHVVLRQ�RI�D�UDWH�RU�LQ�WKLV�FDVH�XQLW�IUHTXHQF\�RI�

LQWHUDFWLRQ��VR�WKDW�PDVV�LV�WKH�G\QDPLF�UHSUHVHQWDWLRQ�RI�WKH�NLQHPDWLFV�RI�WKDW�XQLW�RU�

DQJXODU�IUHTXHQF\�RI�WKH�LQWHUDFWLRQ��ZKLFK�YDULHV�LQ�SURSRUWLRQ�WR�WKH�PDVV�DQG�ZLWK�

UHVSHFW�WR�WKH�DERYH�UHODWLRQVKLS�RI�a�DQG�b��DV�
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(TXDWLRQ��������LQGLFDWHV�WKDW�WKH�UDWLR�RI�PDVV�WR�IUHTXHQF\�LV�HTXDO�WR�WKH�UDWLR�RI�WKH�

LQHUWLDO�FRQVWDQW�DQG�RQH�KDOI�WKH�³ILQDO´�YHORFLW\�RI�WKH�SDUWLFOH���,I�S�DQG�t�DUH�ERWK�

LQYDULDQWV��WKHQ�VR�PXVW�EH�vf��DQG�ZLWK�VRPH�VXEVWLWXWLRQ�DQG�UHDUUDQJHPHQW�ZH�KDYH�
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)URP�WKLV�ZH�KDYH�WKH�IROORZLQJ�H[SUHVVLRQV�IRU�WKH�LPSXOVH��
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ZKLFK�VWDWHV�PDVV�DV�IUHTXHQF\�LQ�D�TXDQWXP�LQWHUSUHWDWLRQ��VLQFH�E\�PXOWLSO\LQJ�WKURXJK�

E\� �� c ���GLIIHUHQWLDWLQJ�ZLWK�UHVSHFW�WR�WLPH�DQG�LQWHJUDWLQJ�ZLWK�UHVSHFW�WR�GLVSODFHPHQW���

ZH�KDYH�WKH�PDVV�HQHUJ\�UHODWLRQVKLS�
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5HWXUQLQJ�WR�HTXDWLRQ�������DQG�VXEVWLWXWLQJ�IURP�HTXDWLRQ��������JLYHV�WKH�IROORZLQJ�

UHODWLRQVKLS�EHWZHHQ�WKH�OHQJWK�RI�WKH�LQWHUDFWLRQ�DQG�ma��ZKLFK�LV�DV�HTXDWLRQ��������
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:H�ILQG�WKDW�IRU�LQGLYLGXDO�TXDQWXP�PDVV��L�H��WKDW�RI�WKH�QHXWURQ��HOHFWURQ��SURWRQ��PXRQ��

HWF���xq�LV�HTXDO�WR�WKH�&RPSWRQ�UHGXFHG�ZDYHOHQJWK�� ,C q� ��IRU�WKDW�TXDQWXP��DV�JLYHQ�E\�

� ,q C q
q

x
m

  
t� �� �������

�

4XDQWXP�DQDO\VLV�DVVXPHV�WKH�WZR�IXQGDPHQWDO�LQYDULDQWV��= DQG�c��WR�ZKLFK�ZH�KDYH�

QRZ�DGGHG�DQ�LQHUWLDO�FRQVWDQW��t ���6RPH�VLPSOH�QXPHULFDO�DQDO\VLV�DSSOLHG�WR�WKH�

YDULDEOHV�RI�PDVV��GLVSODFHPHQW��DQG�WLPH�LQ�FRQMXQFWLRQ�ZLWK�WKH�HTXDWLRQV�IRU�LPSXOVH��

WKH�LQHUWLDO�FRQVWDQW��LQWHUDFWLRQ�WHUPLQDO�YHORFLW\�DQG�DFWLRQ�ZLOO�KHOS�WR�FODULI\�WKH�

JHRPHWULF�UHODWLRQVKLS�RI�PDVV��OHQJWK�DQG�WLPH��

�

,Q�WKH�IROORZLQJ�WDEOH��5RZ�$�JLYHV�RXU�LQLWLDO��QRUPDOL]HG�FRQGLWLRQ�IRU�WKH�YDULDEOHV�

YDOXHG�LQ�EUDFNHWV�LQ�WKH�OHIW�KDQG�FROXPQ���,Q�WKH�UHPDLQLQJ�URZV�RI�WKLV�WDEOH�ZH�KDYH�

VXEVWLWXWHG�D�QHZ�ERG\�RI�WKH�JLYHQ�PDVV��DQG�DVVXPHG�GLIIHUHQW�VSDFH�DQG�WLPH�YDOXHV�

DFFRUGLQJ�WR�YDULRXV�LPSXOVH�DVVXPSWLRQV���7KH�FROXPQ�RQ�WKH�ULJKW�VWDWHV�ZKHWKHU�WKH�VHW�

RI�DVVXPSWLRQV�LQ�WKH�YDULDEOHV�FROXPQ�YLRODWHV�DQ\�RI�WKH�DVVXPHG�LQYDULDQWV�MXVW�VWDWHG����

�

5RZV�%�DQG�&�PDLQWDLQ�WKH�VDPH�LPSXOVH�DQG�KDYH�WKH�VDPH�vf��EXW�WKH�VSDFH�DQG�WLPH�

LQWHUYDOV�GLIIHU�DQG�QHLWKHU�PDLQWDLQV�WKH�YHORFLW\�5RZ�$���5RZ�'�PDLQWDLQV�WKDW�

YHORFLW\��EXW�YLRODWHV�WKH�DFWLRQ�DQG�WKH�LQHUWLDO�FRQVWDQW�FRQGLWLRQ���,W�DOVR�GHSDUWV�IURP�

WKH�LQLWLDO�YDOXH�RI�WKH�LPSXOVH���7KH�VWLSXODWLRQ�RI�D�VHW�YDOXH�IRU�WKH�LPSXOVH�ZDV�D�

FRQYHQLHQFH�IRU�SXUSRVHV�RI�GHYHORSPHQW�RI�RXU�DUJXPHQW��EXW�LW�LV�QRW�D�QHFHVVDU\�RU�
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HYHQ�DQWLFLSDWHG�FRQGLWLRQ�RI�D�SK\VLFDO�LQWHUDFWLRQ���5RZ�(�LV�FRQVWUDLQHG�WR�PDLQWDLQ�

WKDW�LPSXOVH��WKXV�PDLQWDLQLQJ�WKH�YHORFLW\�IRXQG�LQ�%�DQG�&��EXW�UHVXOWV�LQ�D�YLRODWLRQ�RI�

DOO�WKUHH�LQYDULDQWV�DQG�LV�QRW�D�TXDQWXP�VROXWLRQ����

�

2QO\�5RZ�)�DQG�WKH�UHODWHG�*��ZKLOH�QHFHVVDULO\�GHSDUWLQJ�IURP�WKH�LQLWLDO�LPSXOVH��DYRLG�

D�YLRODWLRQ�RI�WKH�WKUHH�LQYDULDQWV���:KDW�)�DQG�*�VKRZ�DW�D�JODQFH��DVVXPLQJ�D�TXDQWXP�

FRQWH[W��LV�WKDW�TXDQWXP�LQHUWLDO�WHVW�PDVV�LV�DQ�LQYHUVH�PHDVXUH�RI�VSDFH�DQG�WLPH��WKH�

ODWWHU�WZR�RI�ZKLFK�DUH�LGHQWLFDOO\�JDXJHG�LQ�NHHSLQJ�ZLWK�WKH�GHYHORSPHQW�RI�WKH�

SUHYLRXV�VHFWLRQ�RQ�NLQHPDWLFV�LQ�ZKLFK�ZH�VDZ�WKDW�
�� �

o o or t R  ����

�

,Q�5RZ�)��LI�WKH�VSDFH�DQG�WLPH�VWDQGDUGV�DUH�DVVXPHG�WR�EH�VPDOOHU�E\�WKH�LQYHUVH�RI�WKH�

IDFWRU�J GXH�WR�D�FRQWUDFWLRQ�LQ�D�PRYLQJ�IUDPH�DIWHU�LPSXOVH��WKH�LQFUHDVH�LQ�WKH�PDVV�LV�

IRXQG�WR�EH�E\�WKH�IDFWRU�J ��VKRZLQJ�WKDW�5RZ�)�LV�FRQVLVWHQW�ZLWK�WKH�SRVWXODWHV�RI�

VSHFLDO�UHODWLYLW\���5RZ�*��RQ�WKH�RWKHU�KDQG��VKRZV�DQ�LQFUHDVH�LQ�WKH�VSDFH�DQG�WLPH�

VWDQGDUGV�LQ�NHHSLQJ�ZLWK�D�FKDQJH�LQ�J �DQG�D�FRUUHVSRQGLQJ�GHFUHDVH�LQ�PDVV�DV�ZH�

PLJKW�ILQG�LQ�D�PRYLQJ�IUDPH�WKDW�KDV�GHFUHDVHG�LWV�YHORFLW\�IURP�D�SULRU�JUHDWHU�

GLIIHUHQWLDO�ZLWK�UHVSHFW�WR�VRPH�UHVW�IUDPH����

�

$V�D�VRXUFH��PDVV�LV�D�GLUHFW�PHDVXUH�RI�WKH�LPSXOVH�DV�VKRZQ�E\�WKH�VHFRQG�FROXPQ�RI�

5RZV�)�DQG�*���)XUWKHU��VLQFH�WKH�VSDFH�DQG�WLPH�LQWHUYDOV�DUH�LGHQWLFDO��DQG�ZH�PLJKW�

DVVXPH�V\PPHWULFDO��L�H��LQWHUFKDQJHDEOH��LW�LV�DSSDUHQW�WKDW�WKH�LPSXOVH�KDV�WKH�VDPH�

GLPHQVLRQDO�IRUP�DV�WKH�VSLQ�HQHUJ\�RI�WKH�TXDQWXP���$JDLQ��XVLQJ�WKH�DQJXODU�IUHTXHQF\�
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LQ�FRPSXWLQJ�WKH�ILQDO�YHORFLW\��ZH�KDYH�WKH�VDPH�IRUP�IRU�WKH�LQHUWLDO�FRQVWDQW�DQG�WKDW�

YHORFLW\��VR�WKDW�LQ�QDWXUDO�XQLWV���

� �c c  t = � �������

DQG�PDVV�DQG�IUHTXHQF\�PHDVXUH�WKH�VDPH�SK\VLFDO�FRQGLWLRQ��LQWHUDFWLRQ�SHU�WLPH�

LQWHUYDO��L�H��WKH�VPDOOHU�WKH�LQWHUDFWLRQ�WLPH��WKH�JUHDWHU�WKH�PDVV�DQG�IUHTXHQF\��DV��
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Table 1 – Numerical Analysis of Invariant Violation of Certain Variable Assumptions 

�

7KH�V\PPHWULHV�DUH�\HW�PRUH�SURQRXQFHG�VLQFH�WKH�VSHHG�RI�OLJKW��ZULWWHQ�LQ�WHUPV�RI�WKH�

SURSHUWLHV�RI�D�ZDYH��FDQ�EH�VWDWHG�DV�WKH�UDWLR�RI�WKH�DQJXODU�IUHTXHQF\�DQG�DQJXODU�ZDYH�

QXPEHU��N ���

� c Z
N

 � �������

ZKLFK�ZKHQ�VXEVWLWXWHG�LQWR�HTXDWLRQ��������JLYHV�XV�WKH�V\PPHWULFDO�VWDWHPHQW�IRU�WKH�

LQHUWLDO�FRQVWDQW��

� m
N

 t �� �������

�

$�FRXSOH�RI�ZRUGV�DUH�LQ�RUGHU�FRQFHUQLQJ�IUHTXHQF\��ZKLFK�DUH�QR�GRXEW�REYLRXV�WR�

UHDGHU���)LUVW��VLQFH�LW�LV�DQ�H[SUHVVLRQ�RI�WKH�UDWLR�EHWZHHQ�D�FRXQW�RI�WKH�QXPEHU�RI�XQLWV�

RU�UDGLDQ�FRQWHPSRUDQHRXV�ZLWK�D�XQLW�RI�WLPH��LQ�NHHSLQJ�ZLWK�WKH�FRPPHQWV�FRQFHUQLQJ�

HTXDWLRQ��������LW�LV�HTXDO�WR�D�FRXQW�RI�RQH�UDGLDQ�SHU�IUDFWLRQ�RI�VRPH�ODUJHU�XQLW�RI�WLPH���

$�EDVH�RU�XQLW�IUHTXHQF\�ZRXOG�EH�DQ�H[WUHPDO��QRUPDOL]HG�IUHTXHQF\�RI�RQH�UDGLDQ�RU�

RWKHU�EULHIHVW�LQVWDQFH�RI�FKDQJH�SHU�RQH�VPDOOHVW�VWDQGDUG�RI�WLPH��
�� �

o o ot r R  ���7KXV�DQ�

LQWHUDFWLRQ�RI�WKH�JUHDWHVW�IUHTXHQF\�DQG�WKHUHIRUH�JUHDWHVW�HQHUJ\�SHU�HTXDWLRQ��������

ZLOO�EH�WKH�RQH�RI�VKRUWHVW�GXUDWLRQ���6HFRQG��ZKLOH�VXFK�QRUPDOL]HG�IUHTXHQF\�PLJKW�EH�D�

FRQYHQWLRQDO�DQJXODU�IUHTXHQF\�RI�RQH�UDGLDQ�SHU�XQLW�RI�WLPH��LW�PLJKW�HTXDOO\�EH�RQH�

XQLW�RI�VSDFH�SHU�XQLW�RI�WLPH�DV�



����

� �
� � �

� �

� rc r r
t t

Z   �� �������

�

,I�ZH�VWDWH�ZLWK�UHVSHFW�WR�5RZV�)�DQG�*�WKDW��

� �fx r � �������

WKHQ�WKH�GLVSODFHPHQW�xf UHVXOWLQJ�IURP�LPSXOVH�J��FDQ�EH�D�UHIHUHQFH�WR�D�URWDWLRQDO�

WDQJHQW�YHFWRU�DW�WKH�FLUFXPIHUHQFH�RI�WKH�SUHYLRXVO\�GHSLFWHG�URWDWLQJ�FORFN��LQVWHDG�RI�

WKH�FXVWRPDU\�WUDQVODWLRQDO�GLVSODFHPHQW�YHFWRU�DW�RU�IURP�D�SRLQW�OLNH�SDUWLFOH���6XFK�

LPSXOVH��XQGHU�WKH�FRQVWUDLQWV�RI�DQ�LQYDULDQW�c��UHVXOWV�LQ�D�FRQWUDFWLRQ�RI�WKH�FORFN��DQG�D�

GHFUHDVH�LQ� �r DQG� �t LQ�NHHSLQJ�ZLWK�J ��DQG�PDVV�LV�FRUUHVSRQGLQJO\�PHDVXUHG�DV�

LQFUHDVHG���6XFK�LPSXOVH�FRXOG�EH�WKH�UHVXOW�RI�DQ�LQHODVWLF�FROOLVLRQ�ZLWK�D�SKRWRQ�OLNH�

VRXUFH�RU�WKH�DFFHOHUDWLRQ�DULVLQJ�IURP�VRPH�ILHOG�SRWHQWLDO���,W�LV�LPSRUWDQW�WR�QRWH�LQ�

UHJDUGV�WR�D�ILHOG�JUDGLHQW��WKDW�WKH�LQFUHDVH�LQ�PDVV��DV�ZLWK�WKH�LPSXOVH��FDQ�EH�FRQWLQXDO�

DQG�QRW�LQ�GLVFUHWH�VWHSV�DQG�VWLOO�DGKHUH�WR�HTXDWLRQ���������VLQFH�WKH�IUHTXHQF\�FDQ�

LQFUHDVH�FRQWLQXDOO\��ZKLOH�WKH�DFWLRQ�� S  = ��UHPDLQV�LQYDULDQW�DW�DQ\�IUHTXHQF\���

�

7R�PDNH�JUDSKLF�VHQVH�RI�WKLV�LQ�WHUPV�RI�DQ�LQHUWLDO�VSDFHWLPH�FRQWLQXXP��IRU�PRGHOLQJ�

SXUSRVHV�ZH�FDQ�WKLQN�RI�DQ�HODVWLF�FROOLVLRQ�EHWZHHQ�WZR�ERGLHV�RI�HTXDO�PDVV�DQG�

VSKHULFDO�VKDSH��a�DQG�ac ��FRQVWUDLQHG�VR�WKDW�WKHLU�PRWLRQ�RVFLOODWHV�LQ�VLPSOH�KDUPRQLF�

PRWLRQ���1H[W�ZH�FRQVLGHU�a��LQVWHDG�RI�EHLQJ�D�ERG\�RU�SDUWLFOH��WR�EH�D���GLPHQVLRQDO�

FRQWLQXXP��QRQ�SDUWLFXODWH�LQ�FRPSRVLWLRQ��LVRWURSLF�EXW�IRU�D�ERXQGDU\�SODQH�DW�WKH�SRLQW�

RI�LPSDFW�IURP� ac ��ZKHUH�ac �LV�PRYLQJ�QRUPDO�WR�DQG�LQ�WKH�GLUHFWLRQ�RI�a���,QVWHDG�RI�WKH�

PDVV�TXDQWLW\�RI�ERG\�a��FRQWLQXXP�a�KDV�D�OLQHDU�LQHUWLDO�GHQVLW\��Oa���7KDW�GHQVLW\�LV�



� ��

VXEMHFW�WR�YDULDELOLW\�DQG�HODVWLF�VWUDLQ�LQ�DGGLWLRQ�WR�EHLQJ�LQHUWLDO��VR�WKDW�DV�ac �PHHWV�a��

WKH�LQHUWLDO�GHQVLW\�LPPHGLDWHO\�LQ�IURQW�RI�WKH�OLQH�RI�WUDYHO�RI� ac �LQFUHDVHV��VORZLQJ�LWV�

YHORFLW\��DQG�WKH�FRQWLQXXP�DURXQG�WKH�DUHD�RI�LPSDFW�RI�ac �LV�VWUDLQHG�DQG�FXUYHG�

LQZDUG����

�

,I�ZH�KDG�DVVXPHG�DQ�LQHODVWLF�FROOLVLRQ��DW�VRPH�SRLQW�WKH�PRPHQWXP�RI�ac �ZRXOG�EH�

DEVRUEHG�E\�a��ZKLFK�ZRXOG�WKHQ�UHPDLQ�LQ�D�GLVWRUWHG�FRQGLWLRQ��PDUNHG�E\�D�ILQLWH�

GHJUHH�RI�VWUDLQ�DQG�FXUYDWXUH�RI�WKH�FRQWLQXXP�DURXQG�WKH�DUHD�RI�LPSDFW��DQG�WKH�

LPSXOVH�ZRXOG�FRQWLQXH�WR�GLPLQLVK�LQGHILQLWHO\�LQWR�WKH�LQWHULRU�RI�a��

�

*LYHQ�D�IL[HG�LQLWLDO�PRPHQWXP�RI�ac ��WKH�JUHDWHU�WKH�LQHUWLDO�GHQVLW\�DQG�WKHUHIRUH�WKH�

PDVV�RI�a��WKH�VPDOOHU�ZLOO�EH�WKH�SHQHWUDWLRQ�RI�ac �DQG�WKH�UDGLXV�RI�WKH�VWUDLQ�DW�WKH�DUHD�

RI�WKH�LPSDFW���:H�FDQ�HQYLVLRQ�WKDW�WKHUH�DUH�WZR�LQVWDQFHV�RI�FXUYLQJ��RQH�DV�D�JHQHUDOO\�

GHIRUPHG�KHPLVSKHULFDO�DUHD�DURXQG�WKH�DUHD�RI�LQWHUDFWLRQ�RI�a�DQG� ac �DQG�WKH�RWKHU�

DORQJ�WKH�VLGHV�RI�WKH�JHQHUDOO\�WRULF�GHIRUPDWLRQ�RI�WKH�LQLWLDO�SODQH�RI�WKH�LQWHUDFWLRQ���

)RU�VLPSOLFLW\�ZH�ZLOO�DVVXPH�WKDW�WKH�UDGLL�DUH�RI�HTXDO�PDJQLWXGH��WKRXJK�QHFHVVDULO\�RI�

GLIIHUHQW�VHQVH����

�

:LWK�DQ�HODVWLF�FROOLVLRQ��DW�VRPH�SRLQW�DOO�WKH�PRPHQWXP�RI�A�ZLOO�EH�WUDQVIHUUHG�WR�a��

EXW�LQ�WKH�FDVH�RI�D�FRQWLQXXP�a��DW�VXFK�SRLQW�DOO�WKH�NLQHWLF�HQHUJ\�RI�A�LV�WUDQVIHUUHG�WR�

WKH�HODVWLF�SRWHQWLDO�HQHUJ\�RI�WKH�VWUHVV�DQG�VWUDLQ�DW�WKH�GHIRUPDWLRQ�RI�a��$V�WKH�

UHVWRUDWLYH�IRUFHV�LQ�WKH�SODQH�RI�WKH�LQWHUDFWLRQ�RI�a ac �H[FHHG�WKH�FRPSUHVVLRQ�IRUFH�RI�

ac �RQ�a��D�IRUFH�ZKLFK�LV�QRUPDO�WR�WKH�LQWHUDFWLRQ�SODQH��a�ZLOO�UHERXQG�DQG�EHJLQ�WR�
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ZRUN�RQ� ac ��ZKLFK�ZLOO�WUDYHO�LQ�WKH�RSSRVLWH�GLUHFWLRQ��HYHQWXDOO\�WR�EH�H[SHOOHG�IURP�

WKH�SODQH�RI�WKH�LQLWLDO�LPSDFW����

�

:H�LPDJLQH�WKLV�LQWHUDFWLRQ�QRZ�ZLWK�DQRWKHU�KDOI�FRQWLQXXP�PLUURUHG�RSSRVLWH�a��VR�WKDW�

WKH�WRWDO�V\VWHP�RI�WKH�aac LQWHUDFWLRQ�FRQVWLWXWHV�D�UHVRQDQW�RVFLOODWLRQ�RI�D�ORFDOL]HG��

HOOLSVRLGDO�VHFWLRQ�RI�WKH�FRPELQHG�FRQWLQXXP�DORQJ�WKH�FHQWHU�D[LV�aac ��LQ�ZKLFK�

�a am m mc  ����

�

8VLQJ�HTXDWLRQ��������ZH�FDQ�VWDWH�WKH�OLQHDU�LQHUWLDO�GHQVLW\��O���RI�WKH�FRQWLQXXP�DW�WKH�

V\VWHP�DV�IROORZV���

� ��
� ��

� �

m
r r

O N   
t
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7KLV�LQGLFDWHV�WKDW�WKH�OLQHDU�LQHUWLDO�GHQVLW\�LV�HTXDO�WR�WKH�LQHUWLDO�FRQVWDQW�WLPHV�WKH�

FXUYDWXUH�RI�WKH�GHIRUPDWLRQ�RU�VWUDLQ��DV�VKRZQ�LQ�WKH�ODVW�WHUP���$VVXPLQJ�DQ�LVRWURSLF�

*DXVVLDQ�FXUYDWXUH��k��JLYHQ�E\��

� �
� �

�

�k
r

N  �� �������

WKLV�PHDQV�WKDW�PDVV�LV�D�PHDVXUH�RI�OLQHDU�FXUYDWXUH��JLYHQ�E\�WKH�DQJXODU�ZDYH�QXPEHU��

N��RQFH�DJDLQ�LQGLUHFWO\�UHODWHG�WR�WKH�OHQJWK�VFDOH��DV�

� � �
�

m
r

N  
t

t �� �������

�

1RZ�ZH�VWLSXODWH�WKDW�LQVWHDG�RI�D�OLQHDU�RVFLOODWLRQ��ZH�KDYH�D�WRUVLRQDO�RVFLOODWLRQ�RI�D�

VPDOO�VHFWLRQ�RI�D�JHQHUDOO\�ULJLG�FRQWLQXXP�DERXW�DQ�D[LV��T��VR�WKDW�DW�UHVRQDQW�
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IUHTXHQF\�D�ZDYHOHQJWK�RI�FKDUDFWHULVWLF�DQJXODU�ZDYH�QXPEHU�� �N ��GHYHORSV���$V�D�

WRUTXH�YHFWRU��T�IOLSV�LQ�GLUHFWLRQ�DQG�RVFLOODWHV�LQ�LQWHQVLW\�ZLWK�HDFK�FKDQJH�LQ�WKH�

GLUHFWLRQ�RI�WKH�WRUVLRQ���:H�QH[W�URWDWH�WKH�D[LV�RI�WRUVLRQ�DERXW�D�FHQWHU�RI�ZDYHOHQJWK��

VXFK�WKDW�WKH�WUDQVYHUVH�PRPHQWXP�RI�T�FDUULHV�WKH�WZR�QRGHV�LQWR�D�QHZO\�GHILQHG�D[LV��

I��LQ�WKH�JHQHUDO�KHOLFDO�SDWK�RI�WKH�RVFLOODWLRQ���5HVWRUDWLYH�IRUFHV�SUHYHQW�URWDWLRQ�RI�I�LQ�

T�EH\RQG�D�SRLQW�DQG�WKH�RULJLQDO�RVFLOODWLRQ�RI�T�FRQWLQXHV��QRZ�DOLJQHG�DV�I��EHWZHHQ�LWV�

RULJLQDO�QRGDO�SROHV�DQG�FDXVLQJ�WKRVH�GLVSODFHG�QRGHV�WR�URWDWH�DERXW�T�ZLWKRXW�

HQWDQJOLQJ�RU�WZLVWLQJ�WKH�FRQWLQXXP�EH\RQG�D�JHQHUDO�UDQJH�RI�RQH�KDOI�S���$V�D�UHVXOW��

WKH�WRUTXH�YHFWRU�IRU�I�GRHV�QRW�RVFLOODWH�DV�GLG�T���,W�URWDWHV�DERXW�T��VR�WKDW�T�FHDVHV�WR�

IOLS�LWV�GLUHFWLRQ�DQG�EHFRPHV�D�VXVWDLQHG�DQJXODU�PRPHQWXP�YHFWRU�DFFRUGLQJ�WR�WKH�

URWDWLRQ���1RWH�WKDW�T�UHPDLQV�WKH�SULPDU\�WRUTXH��ZLWK�I�DV�D�GHULYDWLYH��VR�WKDW�WKH�

LQWHUDFWLRQ�EHWZHHQ�WKH�WZR�LV�QRQ�FRPPXWDWLYH�DQG�WKHUH�LV�D�WHQGHQF\�RYHU�WLPH�IRU�I�WR�

UHDOLJQ�DV�T���

�

7KH�PRWLRQ�FDQ�EH�FUXGHO\�HPXODWHG�E\�LPDJLQLQJ�D�EDVNHWEDOO�KHOG�RXW�LQ�\RXU�WZR�

KDQGV�VR�WKDW�WKH�ODEHO�LV�IDFLQJ�XS�DQG�DZD\�IURP�\RX��L�H��LW�ZRXOG�EH�UHDGDEOH�E\�

VRPHRQH�IDFLQJ�\RX�DQG�ORRNLQJ�GRZQ�RQ�LW���7KH�ODEHO�UHSUHVHQWV�WKH�XOWLPDWH��T�

GLUHFWLRQ�DQG�\RX�FDQ�VWDUW�WKH�LQLWLDO�RVFLOODWLRQ�E\�PRYLQJ�\RXU�KDQGV�EDFN�DQG�IRUWK�VR�

DV�WR�URWDWH�WKH�EDOO�DERXW�DQ�D[LV�WKURXJK�WKH�FHQWHU�RI�WKH�EDOO�DQG�ODEHO���:KHQ�WKH�EDOO�

LV�URWDWHG�VR�WKDW�\RXU�ULJKW�KDQG�LV�FORVHVW�WR�\RXU�ERG\��VWDUW�WKH�UHWXUQ�FRXQWHUFORFNZLVH�

F\FOH��EXW�LQLWLDWH�D�VHFRQG�URWDWLRQ�VR�WKDW�\RX�VWDUW�D�QHZ�PRWLRQ�E\����URWDWLQJ�WKH�ULJKW�

KDQG�RYHU��OHIW�KDQG�XQGHU�DQG�WZLVWLQJ����GHJUHHV�FFZ�VR�WKDW�VRPHRQH�RQ�\RXU�OHIW�FDQ�

WLOW�WKHLU�KHDG�WR�WKH�ULJKW�DQG�UHDG�WKH�ODEHO�����UHWXUQLQJ�WKH�KDQGV�WR�WKHLU�ILUVW�SRVLWLRQ��
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EXW�WZLVWLQJ�WKH�EDOO�EDFN�VR�WKDW�WKH�ODEHO�LV�IDFLQJ�\RX�XSVLGH�GRZQ�����URWDWLQJ�WKH�OHIW�

KDQG�RYHU��ULJKW�KDQG�XQGHU�DQG�WZLVWLQJ����GHJUHHV�FFZ�DJDLQ�VR�WKDW�VRPHRQH�RQ�\RXU�

ULJKW�FDQ�WLOW�WKHLU�KHDG�WR�WKH�OHIW�DQG�UHDG�WKH�ODEHO��DQG����UHWXUQLQJ�WKH�KDQGV�WR�WKHLU�

RULJLQDO�SRVLWLRQ��EXW�WZLVWLQJ�WKH�EDOO�RYHU�VR�WKDW�WKH�ODEHO�LV�UHDGDEOH�E\�VRPHRQH�DW�D�

GLVWDQFH�LQ�IURQW�RI�\RX�����FRQWLQXLQJ�RQ�WR�VWHS�QXPEHU�����&RQWLQXH�WKH�SURFHVV�VR�WKDW�

WKH�PRWLRQ�EHWZHHQ�HDFK�VWHS�LV�VPRRWK�DQG�WKH�ODEHO�UHPDLQV�LGHDOO\�LQ�WKH�VDPH�SODQH�RU�

LQ�D�ZLGH�FRQH�RI�HYHQ�DQJOH���(DFK�KDQG�ZLOO�WUDFH�D�ILJXUH���ZLWK�HDFK�F\FOH��FURVVLQJ�DW�

���GHJUHHV�WR�WKH�SODQH�DQG�LQ�WKH�GLUHFWLRQ�RI�URWDWLRQ�ZLWK�HDFK�KDOI�F\FOH���7KH�ODEHO�

DQG�LWV�DQWLSRGH�UHSUHVHQW�WKH�RULJLQDO�ERXQGDULHV�RI�T��QRZ�RI�I��DQG�URWDWH�ZKLOH�

DYRLGLQJ�HQWDQJOHPHQW���7KH�D��OHIW�DQG�ULJKW�KDQGV�DQG�WKH�E��WRS�DQG�ERWWRP�RI�WKH�EDOO�

ZKHQ�DW�VWHS���RVFLOODWH�EHWZHHQ�WKH�WRS�DQG�ERWWRP�SRVLWLRQ�����GHJUHHV�RXW�RI�SKDVH��

ZKLOH�WKH�PRWLRQ�RI�WKH�KDQGV�EHWZHHQ�SRVLWLRQ���DQG���FOHDUO\�VKRZV��LQ�WKH�FRQWH[W�RI�D�

FRQWLQXXP��WKH�WRUVLRQ�LQYROYHG�LQ�ERWK�D�DQG�E���

�

6XFK�URWDWLRQDO�RVFLOODWLRQ�PLPLFV�WKH�URWDWLRQ�RI�RXU�WKUHH�GLPHQVLRQDO�FORFN�GHYHORSHG�

LQ�WKH�SUHYLRXV�VHFWLRQ�RQ�NLQHPDWLFV���:KLOH�ORFDOO\�FRQVWUDLQHG�E\�WKH�VWUHVV�RI�DQ�

H[SDQGLQJ�VSDFHWLPH��WKH�ZDYH�SKDVLQJ�ZKLFK�PDQLIHVWV�DV�VSLQ�LV�IUHH�WR�WUDQVIRUP�

WUDQVODWLRQDOO\�DQG�URWDWLRQDOO\�VXEMHFW�WR�ILHOG�DQG�SDUWLFOH�LQWHUDFWLRQV�DQG�SHUWXUEDWLRQV����

�

7KH�WRUVLRQ�IRUPV�D�VLQXVRLGDO�ZDYH�URWDWLQJ�DERXW�T��ZLWK�D�VXVWDLQHG�GLVSODFHPHQW�RI�

WKH�LQLWLDO�T�QRGHV���,Q�WKLV�FRQWH[W��WKH�PRPHQWV�RI�PD[LPXP�FDSDFLWLYH�DQG�LQGXFWLYH�

SRZHU�RI�WKH�ZDYH�JHQHUDWH�D�FDSDFLWLYH��CH ��DQG�DQ�LQGXFWLYH�� LP ��WRUTXH��FURVVHG�IURP�

D�SRVLWLRQ�RI�]HUR�GLVSODFHPHQW�LQWR�WKH�PRVW�LPPHGLDWH�GLUHFWLRQ�RI�LQFUHDVLQJ�IRUFH��
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WKXV�EDFNZDUGV�LQ�WLPH�IRU� LP ��WKDW�URWDWH�ZLWK�T�����GHJUHHV�RXW�RI�SKDVH�ZLWK�HDFK�

RWKHU��CH �JHQHUDOO\�SDUDOOHO�DQG� LP �JHQHUDOO\�DQWL�SDUDOOHO���7KHVH�WRUTXHV�LQWHUDFW�ZLWK�

WKH�QRGHV�RI�I�WR�SUHYHQW�UHDOLJQPHQW�ZLWK�T���7KH�URWDWLRQ�RI�WKH�LQGXFWLYH�WRUTXH�

JHQHUDWHV�DQ�HIIHFWLYH�PDJQHWLF�PRPHQW�DQWL�SDUDOOHO�WR�WKH�DQJXODU�PRPHQWXP�YHFWRU�RI�

T����

�

,Q�WKH�SUHVHQFH�RI�DQ�LVRWURSLF�H[SDQVLRQ��WKH�FKDUDFWHULVWLF�LQHUWLDO�GHQVLW\�DQG�UHODWHG�

PHFKDQLFDO�LPSHGDQFH��JLYHQ�E\�

� � � � �Z cO N Z  t �� �������
�
GHFUHDVH�RYHU�WLPH��DGYDQFLQJ�WKH�LQGXFWLYH�PRPHQW�DQG�GURSSLQJ�WKH�IUHTXHQF\���7KLV�

UHVXOWV�LQ�WKH�IOLS�RI�WKH�LQGXFWLYH�WRUTXH�WR�D�JHQHUDOO\�SDUDOOHO�SRVLWLRQ�EHKLQG�WKH�

FDSDFLWLYH�WRUTXH��ZKLFK�DOVR�IOLSV�WKH�HIIHFWLYH�PDJQHWLF�PRPHQW�WR�SDUDOOHO���$�SRZHU�

WUDQVPLVVLRQ�UHVXOWV�DQWL�SDUDOOHO�WR�WKH�LQGXFWLYH�WRUTXH�DQG�WKH�VSLQ�YHFWRU��DORQJ�ZLWK�D�

JHQHUDWLRQ�RI�FKDUJH��WKH�ODWWHU�RI�ZKLFK�LV�D�PHDVXUH�RI�WUDQVYHUVH�ZDYH�PRPHQWXP��ZH�

UHFRJQL]H�WKLV�DV�EHWD�GHFD\���7KH�GHFUHDVHG�IUHTXHQF\�LV�WKDW�RI�WKH�SURWRQ��DQG�WKDW�RI�

WKH�HPLWWHG�ZDYH�LV�WKDW�RI�WKH�HOHFWURQ���7KH�UHVW�IUHTXHQF\�RI�WKH�ODWWHU�LV�D�IXQFWLRQ�RI�

JHRPHWU\�DQG�WKH�H[SDQVLRQ�UDWH��

�

:LWK�D�UHWDUGLQJ�RI�WKH�FDSDFLWLYH�PRPHQW��WKH�FDSDFLWLYH�WRUTXH�IOLSV�DQWL�SDUDOOHO��WKH�

RVFLOODWLRQ�EHFRPHV�DQ�DQWL�SURWRQ�DQG�HPLWV�D�SRVLWURQ���7KH�H[SDQVLRQ�RI�VSDFHWLPH�LV�

PRUH�FRQGXFLYH�WR�WKH�LQGXFWLYH�DGYDQFH��UHVXOWLQJ�LQ�D�SUHGRPLQDQFH�RI�WKH�SURWRQ�

HOHFWURQ�V\VWHP����

�
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7KXV�D�JHRPHWUL]DWLRQ�RI�PDVVLYH�SDUWLFOH�PDVV�LQYROYHV�WKH�UHSUHVHQWDWLRQ�RI�TXDQWD�DV�

WKUHH�GLPHQVLRQDO�FORFNV�DQG�LQGLFDWHV�WKDW�SDUWLFOH�PDVV�LV�D�PHDVXUH�RI�WKH�IUHTXHQF\�RI�

WKH�FORFN���$V�WKH�DERYH�FRQWLQXXP�LV�D�UHSUHVHQWDWLRQ�RI���'�VSDFH��LWV�TXDQWL]DWLRQ�

UHSUHVHQWV�DQ�RVFLOODWLRQ�RI�D�ORFDO�VHFWLRQ�RI�VSDFH�WKDW�LV�PDGH�GLVFUHWH�E\�WKH�

ERXQGDULHV�RI�LWV�KDUPRQLF�RVFLOODWLRQ���,I�WKDW�RVFLOODWLRQ�LV�VHHQ�WR�EH�DW�UHVRQDQW�

IUHTXHQF\�� �Z ��WKHQ�ZH�KDYH�WKH�IROORZLQJ�UHODWLRQVKLS�WR�WKH�ZDYH�VSHHG�LQ�VXFK�

FRQWLQXXP�

� �
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ZKLFK�ZKHQ�VXEVWLWXWHG�LQWR�HTXDWLRQ��������JLYHV�WKH�IROORZLQJ�ZDYH�HTXDWLRQ��ZKHUH� �W �

LV�WKH�WHQVLRQ�IRUFH�LQ�WKH�FRQWLQXXP���

�
�
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ZKHUH�E\�FDQFHOLQJ�WKH�LQHUWLDO�FRQVWDQWV�DQG�VXEVWLWXWLQJ�FRQYHQWLRQDO�GHULYDWLYHV�IRU�WKH�

(XOHU�YHUVLRQV�ZH�KDYH�WKH�GLPHQVLRQDOO\�HTXLYDOHQW�ZDYH�HTXDWLRQ�

�
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�
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)LQDOO\��LQWHJUDWLQJ�HTXDWLRQ��������ZLWK�UHVSHFW�WR�WKH�ZDYH�QXPEHU�VKRZV�WKH�EDVLF�

ZDYH�QDWXUH�RI�PDVV�±�HQHUJ\�HTXLYDOHQFH�DV��

�
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� Eim i
i c i c
N Z
N N

�    �
t t � �������

�

)URP�WKLV�GLVFXVVLRQ�ZH�FDQ�VWDWH�VRPH�EDVLF�TXDQWXP�G\QDPLF�SURSHUWLHV�RI�LQWHUHVW�LQ�

WHUPV�RI�WKH�LQHUWLDO�FRQVWDQW��
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�

� ,QWHUDFWLRQ�LPSXOVH� �WUDQVYHUVH�ZDYH�PRPHQWXP� p mc Z'   t �

� )RUFH�±�VWUHVV�IRUFH� �WUDQVYHUVH�ZDYH�IRUFH� �W Z t �

� $FWLRQ� �VSLQ�DQJXODU�PRPHQWXP� S c Z
N   t t= �

� 5HVW�0DVV� cm Z N  t t �

� 6SLQ�(QHUJ\� �E mc cZ Z   t= �

�

)RU�WKH�HW\PRORJLFDOO\�LQFOLQHG��WKH�ZRUG�mass�LV�IURP�WKH�*HUPDQ�massieren�PHDQLQJ�to 

knead�GRXJK��DQG�HYRNHV�WKH�QRWLRQ�RI�IROGLQJ�DQG�VWUHWFKLQJ�WKH�GRXJK�ZLWK�WKH�KHHO�RI�

WKH�KDQG��WXUQLQJ�LW���R��DQG�UHSHDWLQJ�WKH�SURFHVV���7KLV�DFWLRQ�IRUPV�JOXWHQ��DOORZLQJ�WKH�

GRXJK�WR�FDWFK�WKH�JDV�RI�WKH�OHDYHQLQJ�DJHQW�DQG�H[SDQG���7KH�V\PPHWU\�RI�WKLV�

VFHQDULR��ZLWK�LWV�RUWKRJRQDO�IROGLQJ�DQG�URWDWLRQ�RI�GRXJK��DQG�WKH�WRUVLRQDO�URWDWLRQ�RI�

WKH���'�FORFN�GHYHORSHG�KHUHLQ�DV�DQ�DQDORJXH�RI�WKH�IXQGDPHQWDO�UHVW�PDVV�URWDWLRQDO�

RVFLOODWLRQ�RI�VSDFHWLPH�LV�LQHVFDSDEOH��

�

Gravitational Mass (Source) 

 

,Q�JHQHUDO�UHODWLYLW\��JUDYLWDWLRQDO�VRXUFH�PDVV�LV�FRQYHUWHG�IURP�FRQYHQWLRQDO�XQLWV�

UHODWHG�WR�D�IRUFH��Mkg��WR�XQLWV�RI�OHQJWK��r��DV�Ml��E\�WKH�FRQYHUVLRQ�IDFWRU�RI�GN�c���

ZKHUH�GN�LV�1HZWRQ¶V�JUDYLWDWLRQDO�FRQVWDQW�DQG�c��LV�WKH�VSHHG�RI�OLJKW�LQ�D�YDFXXP�

VTXDUHG��ERWK�RI�ZKLFK�DUH�WDNHQ�DV�IUHH�SDUDPHWHUV��DV��

� � ���
� ����� ��N m

l kg kgkg
Gr M M x M
c

�   �� �������
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KHUH�HYDOXDWHG�XVLQJ�WKH�&2'$7$�6,�YDOXHV�>�@��7KLV�SURFHGXUH�IDFLOLWDWHV�FRPSXWDWLRQ��

DV�ZKHQ�XVHG�LQ�D�PHWULF��VR�WKDW�LI�Ml�LV�WKH�JHRPHWUL]HG�PDVV�RI�DQ�H[WUHPH�.HUU�EODFN�

KROH��WKH�UHGXFHG�FLUFXPIHUHQFH�DW�WKH�KRUL]RQ�LV� h lr M ��

�

,W�EHDUV�QRWLQJ�WKDW�WKH�UHODWLRQVKLS�EHWZHHQ�WKH�WZR�PHDVXUHV�RI�PDVV�LV�GLUHFW�DQG�

DSSHDUV�WR�EH�FODVVLFDO��VR�WKDW�ZH�FDQ�VWDWH�D�GLIIHUHQWLDO�IRUP�

� �
N

l kg
Gdr dM dM
c
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:H�VKRXOG�DFNQRZOHGJH��KRZHYHU��WKH�REYLRXV�DQG�ORJLFDO�SRVVLELOLW\�WKDW�Mkg�LV�DQ�

DJJUHJDWLRQ�RI�VRPH�EDVLF�TXDQWL]HG�XQLWV�RI�PDVV�RI�RQH�RU�PRUH�PDJQLWXGHV���

&RQVLGHUDWLRQ�RI�WKLV�HTXDWLRQ�XVLQJ�WKH�VPDOOHVW�RI�UHVW�PDVV�TXDQWD��WKH�HOHFWURQ��JLYHV�

D�OLQHDU�PHDVXUH�RI�LWV�PDVV�LQ�RUGHUV�RI�PDJQLWXGH�RI�������PHWHUV���)RU�WKH�SURWRQ�DQG�

QHXWURQ��WKH�ILJXUH�LV�VOLJKWO\�ODUJHU�DW�������PHWHUV���+RZHYHU��DOO�RI�WKHVH�DUH�PXFK�

VPDOOHU�WKDQ�WKH�3ODQFN�OHQJWK�RI�������WKH�UHSXWHG�VPDOOHVW�RI�GHWHUPLQDEOH�SK\VLFDO�

VFDOHV��UDLVLQJ�SRVVLEOH�WKHRUHWLFDO�TXHVWLRQV�DERXW�WKH�XVH�RI�HTXDWLRQ��������LQ�

GHWHUPLQLQJ�D�JHRPHWUL]HG�PDVV�IRU�LQGLYLGXDO�TXDQWD��

�

$V�SUHYLRXVO\�GLVFXVVHG�DW�HTXDWLRQ���������WKH�PDVV�RI�DQ�LQGLYLGXDO�TXDQWXP��D�QHXWURQ��

SURWRQ��HOHFWURQ��WDX��RU�PXRQ�LV�UHODWHG�WR�LWV�UHGXFHG�&RPSWRQ�ZDYHOHQJWK�E\�WKH�

IROORZLQJ��ZKHUH�WKH�rq�LV�WKH�UHGXFHG�FLUFXPIHUHQFH�DQG�WKH�QRUP�RI�D�SRODU�FRRUGLQDWH�

V\VWHP�FHQWHUHG�RQ�q��

� �
�

C q q
q q

r
c m m
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,Q�WKH�6,�V\VWHP��t��WDY���HYDOXDWHV�DV�
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�

,Q�VXPPDU\��LQ�FRQWUDVW�WR�WKH�GLUHFW�UHODWLRQVKLS�LQ�WKH�JHRPHWUL]DWLRQ�RI�PDVV�LQ�WKH�

FODVVLFDO�DSSOLFDWLRQ�RI�JHQHUDO�UHODWLYLW\��LQ�TXDQWXP�WKHRU\�FRQYHQWLRQDO�PDVV�LV�

LQGLUHFWO\�UHODWHG�WR�OHQJWK���,I�ZH�FRQVLGHU�D�UHODWLYLVWLF�TXDQWXP�TXDOLWDWLYHO\��ZH�NQRZ�

WKDW�WKH�GH%URJOLH�ZDYHOHQJWK�GHFUHDVHV�DV�WKH�UHODWLYLVWLF�PDVV�DQG�WKH�SDUWLFOHV�

PRPHQWXP�LQFUHDVHV��LQGLFDWLQJ�RQFH�DJDLQ�WKH�LQYHUVH�UHODWLRQVKLS�RI�PDVV�DQG�OHQJWK����

�

�

3 – Derivation of Newton’s Gravitational Law with Quantum and General 

Relativistic Principles�

�

:H�ZRXOG�OLNH�WR�GHULYH�1HZWRQ¶V�*UDYLWDWLRQDO�/DZ�IURP�TXDQWXP�SULQFLSOHV��ZKLOH�LQ�

NHHSLQJ�ZLWK�WKH�SULQFLSOHV�RI�JHQHUDO�UHODWLYLW\���7KH�TXDQWXP�SULQFLSOH�ZH�DUH�LQWHUHVWHG�

LQ�LV�WKDW�RI�IXQGDPHQWDO�GLVFUHWH�XQLWV�RU�TXDQWLWLHV�RI�UHVW�PDVV���7KLV�PHDQV�WKDW�ZH�

VHHN�WR�H[SUHVV�WKH�JUDYLWDWLRQDO�IRUFH��F��RI�KLV�ODZ�DV�D�SURGXFW�RI����WKH�QXPEHU��na��RI�

VRPH�DV�\HW�XQNQRZQ�IXQGDPHQWDO�GLVFUHWH�XQLWV�RI�PDVV��m���LQ�WZR�DJJUHJDWH�ERGLHV�RI�

PDVV��Ma������WKH�FXUYDWXUH�RI�VSDFH��k��H[SUHVVHG�DV�WKH�LQYHUVH�VTXDUH�RI�WKH�PDVVLYH�

ERGLHV�VHSDUDWLRQ�LQ�QXPEHUV��nr��RI�VRPH�DV�\HW�XQNQRZQ�PLQLPXP�XQLW�RI�OHQJWK�

VSHFLILFDOO\�RI�D�UHGXFHG�FLUFXPIHUHQFH��r���DQG����D�IXQGDPHQWDO�GLVFUHWH�XQLW�RU�TXDQWXP�

GLIIHUHQWLDO�RI�JUDYLWDWLRQDO�IRUFH��dG���DV�
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:H�VWDWH�1HZWRQ¶V�/DZ��ZKHUH�GN�LV�1HZWRQ¶V�JUDYLWDWLRQDO�FRQVWDQW��FRQYHQWLRQDOO\�

FRQVLGHUHG�D�IUHH�SDUDPHWHU��DV��

�
� �

� �
� ��M M k N N

M MF G M M kG
R
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�

$VVXPLQJ�D���VSDFH�WKDW�LV�LVRWURSLF�ZLWK�UHVSHFW�WR�D�VRXUFH�PDVV��M���KHUH�ZH�KDYH�

PDGH�XVH�RI�WKH�REVHUYDWLRQ�WKDW�WKH�LQYHUVH�VTXDUH�FRPSRQHQW�RI�WKH�GLVWDQFH�RI�

VHSDUDWLRQ��R��RI�M��DQG�M��LV�WKH�UHGXFHG�FLUFXPIHUHQFH�RI�WKH�VSDFHWLPH�DURXQG�M���

PDNLQJ�WKH�LQYHUVH�RI�WKH�VTXDUH�RI�R�WKH�PHDVXUH�RI�WKH�*DXVVLDQ�FXUYDWXUH��k��DW�WKH�

ORFDWLRQ�RI�M���XVLQJ��

� �

�k
R

 �� ������

�

7KH�OHIW�KDQG�VLGH�RI�HTXDWLRQ�������UHSUHVHQWV�D�IRUFH���6RPH�UHIOHFWLRQ�ZLOO�WHOO�XV�WKDW�LI�

LW�LV�WR�EH�UHODWHG�WR�JHQHUDO�UHODWLYLW\��WKH�ULJKW�KDQG�VLGH�PXVW�UHSUHVHQW�WKH�SURGXFW�RI�D�

��VWUHVV��T��DQG�DQ�DUHD��$��RU�LQ�NHHSLQJ�ZLWK�WKH�ODVW�SDUDJUDSK��DQ�LQYHUVH�FXUYDWXUH���

7KXV�WKLV�HTXDWLRQ�LV�GLPHQVLRQDOO\�HTXLYDOHQW�WR��

� �F T Tk � $  �� ������

�

6RPH�UHDUUDQJHPHQW�JLYHV�XV�D�VFDODU�IRUP��

� �k F T� � ������
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ZKHUH�WKH�FXUYDWXUH�RI�VSDFHWLPH�JLYHQ�E\�WKH�OHIW�WHUP�LV�UHODWHG�WR�WKH�VWUHVV�HQHUJ\�

GHQVLW\�RI�WKH�ULJKW�E\�WKH�LQYHUVH�IRUFH���7KLV�LV�WKXV�UHODWHG�WR�WKH�ILHOG�HTXDWLRQ�RI�

JHQHUDO�UHODWLYLW\��FXVWRPDULO\�H[SUHVVHG�LQ�WHQVRU�IRUP�DV�

� � NG G TDE DES � � ������

ZKHUH�WKH�(LQVWHLQ�FXUYDWXUH�WHQVRU�RQ�WKH�OHIW�LV�VLPLODUO\�UHODWHG�WR�WKH�VWUHVV�HQHUJ\�

WHQVRU�RQ�WKH�ULJKW�E\�WKH�JHRPHWULFDOO\�EDVHG�QXPHULFDO�FRHIILFLHQW�DQG�1HZWRQ¶V�

JUDYLWDWLRQDO�FRQVWDQW��ZKLFK�ZH�ZLOO�VHH�FRQWDLQV�D�IRUFH�GLIIHUHQWLDO��

�

$QDO\]LQJ�GN�GLPHQVLRQDOO\��ZH�NQRZ�LW�KDV�WKH�GLPHQVLRQV�RI�GLVWDQFH��r��FXEHG�GLYLGHG�

E\�WKH�SURGXFW�RI�D�PDVV��m��DQG�WLPH��t��VTXDUHG���,I�LW�LQ�IDFW�FRQFHDOV�D�IRUFH�

GLIIHUHQWLDO��H[WUDFWLQJ�WKDW�IRUFH�LQ�WKH�WKLUG�WHUP�VKRZV�GN��WR�EH�WKH�SURGXFW�RI�WKDW�

IRUFH�DQG�WKH�LQYHUVH�VTXDUH�RI�D�OLQHDU�LQHUWLDO�GHQVLW\��O��DV�

�
� �

�
� � �N

r r mrG dF
mt m t

O�   � ������

7KH�LQYHUVH�LQHUWLDO�GHQVLWLHV�LQ�1HZWRQ¶V�FRQVWDQW�WKHQ�FRQYHUW�WKH�SURGXFW�RI�WKH�PDVVHV�

RQ�WKH�ULJKW�VLGH�RI�(LQVWHLQ¶V�ILHOG�HTXDWLRQ��������RI�ZKLFK�WKHUH�DUH�WZR��RQH�LQ�WKH�IRUFH�

GLIIHUHQWLDO�DQG�RQH�LQ�WKH�VWUHVV�WHQVRU��WR�WKH�SURGXFW�RI�WZR�GLVWDQFHV���7KH�UHVXOW��

KRZHYHU��GRHV�QRW�JLYH�WKH�GLPHQVLRQV�RI�FXUYDWXUH���:LWK�UHVSHFW�WR�HTXDWLRQ��������

ZKLFK�KDV�DQ�LQYHUVH�IRUFH�RQ�WKH�ULJKW��WKH�GN �DV�VKRZQ�LQ�HTXDWLRQ�������KDV�D�GLUHFW�

IRUFH���8VLQJ�WKH�IXQGDPHQWDO�LGHQWLW\�RI�VSDFH�DQG�WLPH�DV�VKRZQ�LQ�HTXDWLRQ��������ZH�

FDQ�PDNH�WKH�IROORZLQJ�GLPHQVLRQDO�VXEVWLWXWLRQV�LQWR�HTXDWLRQ���������

� � �
� �

�� �
�
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itr tG dF
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ZKLFK�FRQYHUWV�GN �WR�DQ�LQYHUVH�IRUFH�DQG�HTXDWLRQ�������DVVXPHV�WKH�GLPHQVLRQDO�IRUP�

RI�HTXDWLRQ��������

�

([SUHVVHG�DV�D�IRUFH��JUDYLW\�LV�FHQWUDOO\�GLUHFWHG�WRZDUG�WKH�ERGLHV�RI�PDVV�DQG�ZLWKLQ�

WKH�FRQWH[W�RI�D�IODW�VSDFHWLPH��DVVXPHG�WR�EH�LVRWURSLF�DERXW�HDFK���7KH�FXUYDWXUH�LQ�VXFK�

FRQGLWLRQV�LV�FRQVLGHUHG�JHQHUDOO\�VSKHULFDO��VR�WKDW�VRPH�UHDUUDQJHPHQW�RI�HTXDWLRQ�������

LQ�WKH�DEVHQFH�RI�DQ\�URWDWLRQ�RI�WKH�WZR�ERGLHV�DERXW�HDFK�RWKHU��UHVXOWV�LQ�D�FHQWULSHWDO�

JUDYLWDWLRQDO�WHQVLRQ�VWUHVV��f���ZKHUH�WKH�VXEVFULSW�LQGLFDWHV�WKH�GLPHQVLRQDO�RUGHU�RI�WKH�

VWUHVV�

� �
Ff Fk  
$

�� ������

�

7KH�VWUHVV�LQ�WKH�FDVH�RI�JHQHUDO�UHODWLYLW\�LV�D���VWUHVV��KRZHYHU��VR�WKDW�ZH�DUH�ORRNLQJ�

IRU�D�IRUPXODWLRQ�WKDW�PDNHV�H[SOLFLW�WKH�UHODWLRQVKLS�EHWZHHQ�D���VWUHVV�DQG�D���VWUHVV�� �T �

� � �
Ff T T
A

{ {� �� �������

$GGLWLRQDOO\��ZH�DUH�LQWHUHVWHG�LQ�WKH���VWUHVV�DVVRFLDWHG�ZLWK�DQ�DFFHOHUDWLQJ�H[SDQVLRQ�

RI�VSDFH��VR�ZH�WDNH�D�FORVHU�ORRN�DW�WKH�JHRPHWU\�RI�VWUHVV��VSHFLILFDOO\�RI�LVRWURSLF�

H[SDQVLRQ�VWUHVV���:H�H[DPLQH�WKH�FDVH�RI�HQHUJ\�GHQVLW\���VWUHVV�LQ�DQ�Q�PDQLIROG�WKDW�LV�

H[SDQGLQJ�LQ�UHVSRQVH�WR�LWV�H[SDQGLQJ�Q���FRUH���)LUVW��LQ�6WUHVV�'LDJUDP���ZH�H[DPLQH�

WKH�GLIIHUHQWLDO�DUHD�RI�D���VSKHUH�RQ�D���EDOO��VXFK�DV�DQ�H[SDQGLQJ�EDOORRQ��:H�LPDJLQH�

WKDW�WKH�EDOORRQ�LV�H[SDQGLQJ�GXH�WR�D�GLIIHUHQWLDO�SUHVVXUH�QRUPDO�WR�WKH�EDOORRQ�VXUIDFH���

VR�WKDW�WKHUH�LV�D���VWUHVV��WHQVLRQ���dT���RUWKRJRQDO�WR�WKH�EDOORRQ¶V�VXUIDFH��WKH���VSKHUH���

:H�ORRN�DW�D�GLIIHUHQWLDO�VTXDUH�RQ�WKH�VXUIDFH�RI�WKH�EDOORRQ�DQG�VHH�WKDW�WKH�VXP�RI�WKH�
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��VWUHVV��WUDQVYHUVH�RU�VKHDU���df���LQ�WKH�EDOORRQ�VXUIDFH�DW�WKDW�ORFXV�VKRXOG�EH�HTXDO�WR�

WKH�RUWKRJRQDO�WHQVLRQ�VWUHVV��RU�

� � � �dT dfJ � �������

ZKHUH�J���LV�D�JHRPHWULF�IDFWRU�VXPPLQJ�WKH�VKHDU�VWUHVV����

�

Stress Diagram 1
Figure 12 �

,W�LV�WKH�GLVSODFHPHQW�RI�WKH�YHUWLFHV�RI�WKH�VTXDUH�WKDW�GHILQHV�WKH�FKDQJH��VR�LQVWHDG�RI�D�

QRUPDO�XQLW�YHFWRU�WR�HDFK�PLG�HGJH�RI�WKH�GLIIHUHQWLDO�VTXDUH��ZH�VWLSXODWH�D�ò�YHFWRU�DW�

HDFK�YHUWH[��DORQJ�ZLWK�D�ò�H[WHQVLRQ�RU�VKHDU�YHFWRU�IURP�WKH�DGMDFHQW�HGJH��JLYLQJ�D�

WRWDO�RI������YHFWRUV�DW�WKH�IRXU�YHUWLFHV���:LWK�D�WRWDO�RI���UHVXOWDQWV�RI�WKH�YHFWRU�SDLUV�DW�

HDFK�YHUWH[��ZH�KDYH��

� � �� �
� � � � � �J  �  � �������

DQG�HTXDWLRQ��������EHFRPHV��

� � �� �dT df � �������
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�

([WHQGLQJ�WKLV�DSSURDFK�ZLWK�DQDORJRXV�HODVWLFLW\�FRQGLWLRQV�WR�D���VSDFH�RQ�D���FRUH��LQ�

6WUHVV�'LDJUDP���ZH�KDYH�D���VWUHVV���ZKLFK�QHFHVVDULO\�FDQQRW�EH�VKRZQ��QRUPDO�WR�DQG�

HTXDO�WR�DQ�LVRWURSLF���VWUHVV��DV�

� � � �dT dfJ �� �������

�

Stress Diagram 2
Figure 13 �

�

7KLV�WLPH�ZH�FRQVLGHU�D�GLIIHUHQWLDO�FXEH��DQG�LQVWHDG�RI�WKH�FXVWRPDU\�DVVLJQPHQW�RI�DQ�

RUWKRQRUPDO�WHQVLRQ�VWUHVV�YHFWRU�WR�WKH�FHQWHU�RI�HDFK�RI�WKH�IDFHV�RI�WKH�FXEH��ZH�DVVLJQ�

D�TXDUWHU�RI�HDFK�QRUPDO�YHFWRU�WR�WKH�FRUQHUV�RI�HDFK�IDFH��FROOLQHDU�ZLWK�DQG�HTXDO�WR�WKH�

VKHDU�YHFWRUV�RI�WKH�WZR�DGMDFHQW�VXUIDFHV��7KLV�LV�HTXLYDOHQW�WR�D�3RLVVRQ¶V�UDWLR�RI������

7KH�VXP�RI�WKHVH�ó�WHQVLRQ�YHFWRUV�DQG�WKH�WZR�SDUDOOHO�ó�VKHDU�YHFWRUV�LV�D�ô�YHFWRU��VR�

WKDW�WKHUH�DUH����ô�RUWKRJRQDO�VWUHVV�YHFWRUV�DW�HDFK�YHUWH[���7KH�UHVXOWDQW�RI�WKH�WKUHH�

RUWKRJRQDO�FRPSRQHQWV�DW�HDFK�FRUQHU�WKHQ��DOLJQHG�ZLWK�WKH�FXELF�GLDJRQDO��LV�WKH�WRWDO�
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VWUHVV�FRQWULEXWHG�WR�HDFK�RI�WKH���YHUWLFHV�E\�DQ�LVRWURSLF�VWUHVV��VR�WKDW�WKH�JHRPHWULF�

IDFWRU�UHODWLQJ�WKH�VWUHVVHV�LQ�HTXDWLRQ��������LV�

� � � � � � �� � �� � �
� � � �

� �� � � �
�

J § · � �   ¨ ¸
© ¹

� �������

DQG�HTXDWLRQ��������EHFRPHV�

� � �� �dT df � �������

�

1H[W�ZH�H[DPLQH�D�VFDODU�H[SUHVVLRQ�RI�WKH�HTXDWLRQ��������LQ�OLJKW�RI�WKLV�DGMXVWPHQW��

ZKHUH�ZH�VSHFLI\�WKDW�$��LV�D�IXQGDPHQWDO�TXDQWXP�XQLW�DUHD��

� �
�

�

FTJ �  
$

�� �������

ZLWK�WKH�GHULYDWLYHV�IRU�DQ�LQYDULDQW�T�EHLQJ�

� �
� �

� �

� �T T FdT dF d dF d
F

J � w w
 � $  � $  
w w$ $ $

�� �������

�

6HSDUDWLQJ�DQG�LQYHUWLQJ�WKLV�IXQFWLRQ�ZH�KDYH�WKH�WZR�IROORZLQJ�GLIIHUHQWLDO�HTXDWLRQV��

WKH�ILUVW�RI�ZKLFK�LV�VWUDLJKW�IRUZDUG���

� � �� � �
� � � �dF dT dTJ J N� � � $ { � �������

DQG�WKH�VHFRQG�RQH�H[SUHVVLQJ�YDULRXV�SDUVLQJV�RI�LQWHUHVW��HVSHFLDOO\�WKRVH�LQ�ZKLFK�WKH�

VWUHVV�IRUFH�LV�UHPRYHG�IURP�WKH�HTXDWLRQ���

�

� �

�
� � �

� � �
�
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$FFRUGLQJ�WR�WKH�DERYH�VSHFLILFDWLRQV�D�TXDQWXP�IRUPXODWLRQ�IRU�1HZWRQ¶V�/DZ��DV�

SUHYLRXVO\�VWDWHG��ZRXOG�EH��

�
� �

�
� � �m m k M M rF n n n dG� �� �������

�

$Q�DJJUHJDWH�PDVV�LV�WKH�SURGXFW�RI�WKH�QXPEHU�RI�TXDQWD�LQ�WKDW�DJJUHJDWH�WLPHV�WKH�

IXQGDPHQWDO�XQLW�RI�PDVV�RU�ZLWK�UHDUUDQJHPHQW�

�
�

a
Ma

Mn
m

 � �������

DQG�WKH��UHGXFHG�FLUFXPIHUHQFH�RI�WKH�VHSDUDWLRQ�RI�WKH�WZR�ERGLHV�RI�PDVV�LV�WKH�SURGXFW�

RI�WKH�QXPEHU�RI�XQLW�OHQJWKV�LQ�WKDW�VHSDUDWLRQ�DQG�WKH�PLQLPXP�RU�TXDQWXP�XQLW�OHQJWK��

RU�

�
�

r
Rn
r

 �� �������

�

6XEVWLWXWLQJ�HTXDWLRQ��������DQG�HTXDWLRQ��������LQWR�HTXDWLRQ���������QRWLQJ�WKH�

GLPHQVLRQDO�HTXLYDOHQFH�RI�WKH�EUDFNHWHG�WHUP�WR�HTXDWLRQ��������JLYHV��

�
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�
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$VVXPLQJ�WKDW�WKH�JUDYLWDWLRQDO�TXDQWXP�LV�HTXLYDOHQW�WR�WKH�IRUPXODWLRQ�IURP�HTXDWLRQ�

�������DQG�VXEVWLWXWLQJ�IURP�LWV�PLGGOH�WHUP��JLYHV�WKH�IROORZLQJ��LQ�ZKLFK�WKH�VWUHVV�

GLIIHUHQWLDO�LV�QRUPDOL]HG�LQ�LWV�UHODWLRQVKLS�WR�dG��DV�dT�� ����

�
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,Q�NHHSLQJ�ZLWK�HDUOLHU�GHYHORSPHQW��ZH�UHVWDWH�WKH�UHODWLRQVKLS�EHWZHHQ�WKH�DERYH�

SRVWXODWHG�TXDQWXP�PDVV��m���DQG�OHQJWK��r���WKH�ODWWHU�VWDWHG�DV�WKH�UHGXFHG�&RPSWRQ�

ZDYHOHQJWK���

�
� �

� �
� �

�
Cm r

c c r
� �   

t= =� �� �������

:H�VXEVWLWXWH�IURP�HTXDWLRQ��������LQWR�WKH�EUDFNHWHG�WHUP�RI�HTXDWLRQV��������DQG���������

DQG�JHW�

�
� �

�� � �
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�
N

dG r rG dG dTJ
O

�   
t t

�� �������

ZKLFK�LQ�D�QDWXUDO�V\VWHP�VLPSO\�HTXDOV�J������

�

$IWHU�VRPH�UHDUUDQJHPHQW��ZH�KDYH�

� � ����� �
� � �Nr G dTJ � t �� �������

6LQFH�ZLWK�UHVSHFW�WR�dG���dT��HTXDOV����DQG�DV�ZH�NQRZ�WKH�RWKHU�LQYDULDQWV�LQ�WKH�ULJKW�

KDQG�WHUP��ZH�FDQ�VROYH�IRU�U���DQG�ILQG�WKDW�LQ�WKH�6,�V\VWHP�LW�HTXDOV�WKH�UHGXFHG�

&RPSWRQ�ZDYHOHQJWK�RI�WKH�QHXWURQ�RU��

� �� ��
� ������������ �� ���������� ��n C nr x m x m� � #  � � �������

ZLWKLQ�WKH�VWDQGDUG�XQFHUWDLQW\�IRU�GN���7KH�³n´�LQ�WKH�VXEVFULSW�³�n´�LV�UHGXQGDQW�DQG�

VLPSO\�HPSKDVL]HV�WKH�QHXWURQ�VFDOH�DV�WKH�IXQGDPHQWDO��TXDQWXP�VFDOH���$OO�RWKHU�YDOXHV�

IRU�WKH�IXQGDPHQWDO�SURSHUWLHV�LQFRUSRUDWH�DQG�FDQ�EH�FRPSXWHG�IURP�WKLV�YDOXH���

7KHUHIRUH��WKH�IXQGDPHQWDO�JUDYLWDWLRQDO�PDVV�LV�WKH�QHXWURQ�PDVV�RU��

� ��
� ���������� ��nm m x kg�  �� �������
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7KLV�LV�QRW�VWDWLQJ�WKDW�WKH�QHXWURQ�LV�WKH�RQO\�SDUWLFOH�UHVSRQVLEOH�IRU�WKH�JHQHUDWLRQ�RI�

TXDQWXP�JUDYLW\���,Q�WKH�IXOO�GHYHORSPHQW�RI�WKLV�PRGHO��WKH�SURWRQ�LV�VHHQ�WR�EH�D�QHXWURQ�

ZKLFK�KDV�XQGHUJRQH�D�IUHTXHQF\�GURS�GXH�WR�WKH�WUDQVPLVVLRQ�RI�D�SRUWLRQ�RI�LWV�SRZHU�

DV�WKH�HOHFWURQ�LQ�WKH�SURFHVV�RI�EHWD�GHFD\���,W�LV�WKH�GHULYDWLYH�RI�WKH�ZDYH�IRUFH�RI�WKH�

IXQGDPHQWDO�RVFLOODWLRQ�ZLWK�UHVSHFW�WR�VWUHVV�WKDW�LV�WKH�JUDYLWDWLRQDO�TXDQWXP��

�

7KH�JUDYLWDWLRQDO�TXDQWXP�WKHQ�LV�YDULRXVO\��

� � � � � ��
� � � � � � � � � �������� ��n ndG dT dT T d x NJ N J J� � � � �  $  $  �� �������

ZKHUH�WKH�ODVW�DOJHEUDLF�WHUP�PDNHV�XVH�RI�HTXDWLRQ���������

�

6RPH�UHDUUDQJHPHQW�JLYHV�

� � �
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ndGT dT
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$ $
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�

:LWK�WKLV�GHYHORSPHQW��ZH�FDQ�JHW�WKH�VSLQ�HQHUJ\�GHQVLW\�VWUHVV��T���RI�WKH�QHXWURQ��

ZKLFK�ZH�DVVXPH�WR�EH�D�TXDQWXP�ZDYHIRUP��ZKHUH�E�n�LV�WKH�VSLQ�HQHUJ\�RI�WKH�QHXWURQ�

DQG��

� �
� �W Z t � �������

LV�WKH�WUDQVYHUVH�ZDYH�IRUFH�RI�WKH�RVFLOODWLRQ��

�
� �
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6XEVWLWXWLQJ�WKLV�LQWR�HTXDWLRQ��������IRU�WKH�JUDYLWDWLRQDO�TXDQWXP�DQG�UHDUUDQJLQJ��ZH�

JHW�WKH�IROORZLQJ�H[SUHVVLRQ�DQG�YDOXH�IRU�WKH�GLIIHUHQWLDO�RI�WKH�XQLW�DUHD�� �d d$  $ ��

ZKLFK�ZH�ILQG�LV�HTXDO�WR�WKH�3ODQFN�DUHD��

� � �� �
� � � � ��������� ��Pld T dG x mJ � �$   $  � �������

�

7KLV�DQDO\VLV�LQGLFDWHV�WKDW�1HZWRQ¶V�JUDYLWDWLRQDO�FRQVWDQW�FRQWDLQV�D�TXDQWXP�

GLIIHUHQWLDO��DQG�WKDW�WKH�QHXWURQ�VFDOH�LV�WKH�IXQGDPHQWDO�VFDOH�RI�DQ�H[SDQGHG�VSDFHWLPH���

,W�DOVR�LQGLFDWHV�D�UHODWLRQVKLS�WR�WKH�3ODQFN�VFDOH��DQG�ZH�ZRXOG�OLNH�WR�GHWHUPLQH�PRUH�

RI�WKDW�UHODWLRQVKLS�QH[W��

�

�

4 – Analysis of the Relationship between the Neutron and the Planck Scale 

�
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)URP�WKLV�DQDO\VLV�RI�WKH�GLIIHUHQWLDO�QDWXUH�RI�WKH�3ODQFN�DUHD�DQG�WKH�HQGQRWH�

FRPPHQWV�L�ZKLFK�VXJJHVW�H[SDQVLRQ�DORQJ�D�K\SHUEROLF�PDQLIROG��IURP�HTXDWLRQ�������

ZH�FDQ�VKRZ�WKH�3ODQFN�OHQJWK�DV�D�GLIIHUHQWLDO�YDOXH��DV�
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5 – Cosmological Implications 

�

%DVLF�WR�RXU�GLVFXVVLRQ�LV�WKH�DVVXPSWLRQ�WKDW�VSDFHWLPH�LV�H[SDQGLQJ�UHODWLYH�WR�RXU�ORFDO�

IUDPH�RI�UHIHUHQFH���7KLV�PHDQV�WKDW�RYHU�WLPH�D�ORFDO�IL[HG�XQLW�OHQJWK�VWDQGDUG�EHFRPHV�

DQ�HYHU�GHFUHDVLQJ�SURSRUWLRQ�RI�VRPH�OLQHDU�PHDVXUH�RI�WKH�FRVPLF�H[WHQW���,I�ZH�SURMHFW�

EDFNZDUGV�LQ�WLPH��ZH�FDQ�DVVXPH�WKDW�DW�VRPH�SRLQW�WKDW�PHDVXUH�RI�FRVPLF�H[WHQW�ZDV�

HTXDO�WR�WKH�FXUUHQW�ORFDO�OHQJWK�VWDQGDUG�RU�XQLW\����

�

7KH�FXUUHQW�FRQFHSW�RI�D�ELJ�EDQJ�VWDUW�RI�FRVPLF�VSDFHWLPH�H[SDQVLRQ�LPSOLHV�DQ�LQLWLDO�

FRQGLWLRQ�RI�PD[LPXP�LQHUWLDO�GHQVLW\��SRVVLEO\�LQILQLWH��ZKLFK�GHFUHDVHV�ZLWK�WKH�

H[SDQVLRQ�RI�VSDFH�IURP�DQ�H[WUHPHO\�VPDOO�YROXPH��SRVVLEO\�]HUR��L�H��IURP�D�

VLQJXODULW\���,QVWHDG�RI�HPHUJHQFH�IURP�D�VLQJXODULW\��WKH�VSDFH�FRPSRQHQW�RI�VSDFHWLPH�

FDQ�EH�PRGHOHG�DV�D�ERXQGDU\�RQ�WKH�QH[W�KLJKHU�GLPHQVLRQDO�PDQLIROG�LWVHOI�XQGHU�

H[SDQVLRQ��DQDORJRXV�WR�D�FLUFOH�GUDZQ�RQ�WKH�VXUIDFH�RI�DQ�H[SDQGLQJ�EDOORRQ���

$OWHUQDWHO\��ZH�PLJKW�LPDJLQH�D�VSKHULFDO�EDOORRQ�RI�IL[HG�VL]H�ZLWK�D�FLUFXODU�ZDYH�

HPDQDWLQJ�IURP�RQH�VSRW��ZLGHQLQJ�LQ�GLDPHWHU�DV�LW�DSSURDFKHV�DQ�HTXDWRU�EHIRUH�

VKULQNLQJ�DJDLQ�DV�LW�QHDUV�WKH�DQWLSRGH���$Q�DQDORJRXV�LQHUWLDO�VSDFHWLPH�RVFLOODWHV�RQ�D�

FRVPLF�VFDOH�EHWZHHQ�D�PD[LPXP�GHQVLW\�DQG�UDULILFDWLRQ��EHWZHHQ�D�PD[LPXP�
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FRPSUHVVLRQ�DQG�PD[LPXP�H[WHQVLRQ���7KH�IDFW�WKDW�WKH�H[SDQVLRQ�DSSHDUV�WR�EH�

DFFHOHUDWLQJ�LQGLFDWHV�WKDW�WKH�H[SDQVLRQ�UDWH�LV�EHVW�XQGHUVWRRG�H[SRQHQWLDOO\��:H�FDQ�

WKHQ�WDNH�WKH�FRQGLWLRQ�RI�PD[LPXP�GHQVLW\�DV�XQLW\�LQVWHDG�RI�DV�D�VLQJXODULW\��DQG�

JDXJH�DQ\�H[SDQVLRQ�ZLWK�UHVSHFW�WR�WKDW�XQLW\�IRU�$��DQG�r��DV�LQYHUVHO\�UHODWHG�WR�WKH�

DVVRFLDWHG�LQFUHDVH�LQ�VWUHVV�T��GXH�WR�H[SDQVLRQ�DFFRUGLQJ�WR�HTXDWLRQV��������DQG������������
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7KH�FXUUHQW�H[SDQVLRQ�IDFWRU��NH[S��WKH�UDWLR�RI�WKH�FXUUHQW�IXQGDPHQWDO�QHXWURQ�VFDOH�WR�

WKH�3ODQFN�OHQJWK��LV�HTXDO�WR�WKH�LQYHUVH�VTXDUH�URRW�RI�WKH�GLIIHUHQWLDO�QDWXUDO�ORJ�RI�WKH�

H[SDQVLRQ�VWUHVV���
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$V�WKLV�H[SDQVLRQ�LV�DW�DQ�H[SRQHQWLDO�UDWH��LQ�WHUPV�RI�GRXEOLQJ�IURP�DQ�LQLWLDO�FRQGLWLRQ�

RI�PD[LPXP�GHQVLW\�HTXDO�WR�WKH�OLQHDU�LQHUWLDO�GHQVLW\�RI�WKH�QHXWURQ�VFDOH��O���ZLWK�WLPH�

DQG�VSDFH�QRUPDOL]HG��LQ�WHUPV�RI�WKH�ZKROH�RU�DQ�DUELWUDU\�XQLW�VWDQGDUG��FRVPLF�

H[SDQVLRQ��Cx��LV�
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H[SOQ � ���������� �� �OLJKW�VHFRQGV� ��������� �� �OLJKW�\HDUVxC x xN   � ������

1RWH�WKDW�WKH�ODVW�WHUP�ZRXOG�LQGLFDWH��LI�LQWHUSUHWHG�DV�D�VWUDLJKW�OLQH�LQFUHDVH�DW�WKH�

VSHHG�RI�OLJKW��DQ�H[SDQVLRQ�DJH�RI�WKH�FRVPRV�RI��������ELOOLRQ�\HDUV��
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$Q�H[SRQHQWLDO�H[SDQVLRQ�UDWH��Xe��GHULYHG�LQ�WKH�IXOO�GHYHORSPHQW�RI�WKLV�PRGHO�DQG�

VKRZQ�WR�HTXDWH�WR�D�SUHGLFWHG�+XEEOH�UDWH�RI��������NP�PSV�V�DQG�VXSSRUWHG�E\�

LQGHSHQGHQW�VWXGLHV�DV����NP�PSV�V�������NP�>�@�DQG����NP�PSV�V�>�@��VKRZV�WKH�FKDQJH�

LQ�XQLW�VFDOH�SHU�VHFRQG�DV��
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,I�ZH�LQWHUSUHW�WKLV�DV�D�VWUDLJKW�OLQH�H[SDQVLRQ�UDWH�IURP�DQ�LQLWLDO�VLQJXODULW\��LQYHUWLQJ�

ZRXOG�JLYH�WKH�DJH�RI�WKH�FRVPRV�LQ�FXUUHQW�XQLWV�DV�

� � �������ELOOLRQ�\HDUVeX �  � ������

+RZHYHU��LI�WKH�+XEEOH�UDWH�LV�H[SRQHQWLDO�RU�FRPSRXQGLQJ��WKH�IROORZLQJ�JLYHV�WKH�

+XEEOH�WLPH��WH��DV�D�WLPH�LQ�FXUUHQW�XQLWV�IRU�D�GRXEOLQJ�LQ�VSDWLDO�OLQHDU�H[WHQW��RU�

� �OQ � ������ELOOLRQ�\HDUVH eXW �  � ������

7KH�SURGXFW�RI�WKH�H[SDQVLRQ�UDWH�DQG�WKH�H[SDQVLRQ�IDFWRU�LV�WKH�QXPEHU�RI�GRXEOLQJV�RU�
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)ROORZLQJ�WKLV�ORJLF��LI�WKH�ZDYHOHQJWK�RI�WKH�FRVPLF�PLFURZDYH�EDFNJURXQG�LV�

DSSUR[LPDWHO\����mm�DQG�LQGLFDWHV�DQ�H[SDQVLRQ�DORQJ�ZLWK�VSDFHWLPH�IURP�D�SULPDO�

HSRFK�RI�EHWD�GHFD\�DV�JDXJHG�E\�WKH�HOHFWURQ�&RPSWRQ�ZDYHOHQJWK�� �C eO ��GLYLGLQJ�WKH�

QDWXUDO�ORJ�RI�VXFK�H[SDQVLRQ�E\�WKH�QDWXUDO�ORJ�RI���JLYHV�WKH�QXPEHU�RI�GRXEOLQJV�EDVHG�

RQ�WKRVH�SDUDPHWHUV�RU�
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LQ�YHU\�FORVH�DJUHHPHQW�ZLWK�HTXDWLRQ��������

�

7KLV�REVHUYDWLRQ�LQGLFDWHV�WKDW�r���UHODWHG�WR�WKH�UHGXFHG�HOHFWURQ�&RPSWRQ�ZDYHOHQJWK��

�C e� ��E\�WKH�UDWLR�RI�WKH�QHXWURQ�WR�HOHFWURQ�&RPSWRQ�ZDYHOHQJWK�RI����������«��

UHPDLQV�VWDEOH�DV�VSDFHWLPH�DQG�WKH�&0%�H[SDQGV�DQG�LQGLFDWHV�WKDW�VXFK�TXDQWD�GLG�QRW�
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KDYH�D�JHRPHWU\�RI�WKH�3ODQFN�VFDOH�DW�DQ�HDUO\�HSRFK��ZKLFK�LQVWHDG�RI�VWDUWLQJ�IURP�D�

VLQJXODULW\�ZLWK�DOO�WKH�SK\VLFDO�GLOHPPD�WKDW�HQWDLOV��VWDUWHG�H[SDQVLRQ�IURP�D�PD[LPXP�

ILQLWH�GHQVLW\���7KH�3ODQFN�OHQJWK��WKHQ��LV�WKH�UDWLR�RI�WKH�QHXWURQ�UHGXFHG�&RPSWRQ�DQG�

WKH�FRVPLF�H[WHQVLRQ�IURP�DQ�LQLWLDO�FRPSDFW�FRQGLWLRQ�RI�PD[LPXP�GHQVLW\��DQG�

FRQWLQXHV�WR�GHFUHDVH�ZLWK�H[SDQVLRQ��

�

$OWHUQDWHO\��EXW�QRW�FRQWUDGLFWRU\��LI�ZH�WKLQN�RI�WKH�FRVPLF�H[WHQW�RI���VSDFH�DV�D�IL[HG�

XQLW��ZKDW�DSSHDUV�PDWKHPDWLFDOO\�IURP�D�ORFDO�SHUVSHFWLYH�DV�H[SDQVLRQ�LV�IURP�WKH�

XQLYHUVDO�SHUVSHFWLYH�D�SURFHVV�RI�UHJLRQDO�DQG�ORFDO�FRQFHQWUDWLRQ�RI�LQHUWLDO�GHQVLW\���

:LWK�UHVSHFW�WR�RXU�DQDORJ\�RI�WKH�IL[HG�EDOORRQ�DERYH��WKH�OLQHDU��DQG�DUHD��GHQVLW\�RI�

WKH�EDOORRQ�LQ�WKH�DEVHQFH�RI�D�ZDYH�LV�LQYDULDQW�RYHU�WKH�VXUIDFH�RI�WKH�VSKHUH��EXW�D�

ZDYH�PRYLQJ�RYHU�LWV�VXUIDFH�FUHDWHV�D�GHQVLW\�GLIIHUHQWLDO�DW�WKH�ZDYH�IURQW��LQFUHDVLQJ�

DV�LW�DSSURDFKHV�D�SROH�DQG�DQWLSROH�DQG�GHFUHDVLQJ�DV�LW�DSSURDFKHV�DQ�HTXDWRU���)URP�WKH�

UHIHUHQFH�IUDPH�RI�WKH�WUDYHOLQJ�ZDYH�IURQW�DSSURDFKLQJ�WKH�SROHV��WKH�VWUHVV�UHODWHG�WR�WKH�

ZDYH�IURQW�T���LQFUHDVHV�DQG�r���DV�D�UHODWHG�XQLW�VWDQGDUG�ZKLFK�LQ�WKH�FDVH�RI�WKH�EDOORRQ�

ZH�PLJKW�JLYH�DV�WKH�GLVWDQFH�SHUSHQGLFXODU�WR�WKH�JLYHQ�SRODU�GLDPHWHU��GHFUHDVHV�RYHU�

WLPH���7KH�UDWLR�RI�r��ZLWK�UHVSHFW�WR�WKH�EDOORRQ¶V�H[WHQW��Bx��LWV�UDGLXV�DW�WKH�HTXDWRU��

UHSUHVHQWV�D�GHFUHDVLQJ�GLIIHUHQWLDO�OHQJWK��dr���DQG�FDQ�EH�H[SUHVVHG�DV�WKH�FRVLQH�RI�WKH�

DQJOH�RI�GHFOLQDWLRQ�RI�WKH�ZDYH�IURQW����

�

7KH�ZDYH�IURQW�LQ�WKLV�DQDORJ\�UHSUHVHQWV�WKH�FXUUHQW�ORFDO�TXDQWXP�VFDOH�JLYHQ�E\�r�n���,I�

ZH�ZHUH�WR�URWDWH�WKH�EDOORRQ�DERXW�WKH�JLYHQ�SRODU�D[LV�DW�WKH�VDPH�IUHTXHQF\�DV�WKH�

ZDYH¶V�PRYHPHQW�RYHU�LWV�IDFH��HDFK�SRLQW�LQ�WKH�ZDYH�IURQW�ZRXOG�PLPLF�WKH�DFWLRQ�RI�
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RXU���'�FORFN���)URP�HLWKHU�RI�WKH�DERYH�SHUVSHFWLYHV��WKH�HQHUJ\�SHU�FRVPLF�H[WHQW�LV�

LQYDULDQW�DQG�FRVPRORJLFDO�UHG�VKLIW�LV�DSSDUHQW��DQG�LQ�QHLWKHU�FDVH�LV�WKH�3ODQFN�VFDOH�D�

IL[HG�GLVFUHWH�VFDOH����
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Black Hole Metrics 
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$VVXPLQJ�WKDW�WKH�DERYH�DQG�VXSSRUWLYH�DQDO\VLV�GRHV�LQGLFDWH�WKDW�WKH�QHXWURQ�LV�D�

TXDQWXP�LQHUWLDO�VLQN��EXW�QRW�D�TXDQWXP�EODFN�³KROH´��WKHQ�D�PD[LPXP�OLQHDU�LQHUWLDO�

GHQVLW\�LV�JLYHQ�E\��
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7KLV�ZRXOG�VHHP�TXLWH�VPDOO��EXW�IRU�LWV�EXON�LPSOLFDWLRQV���)RU�D�YROXPH�GHQVLW\��ZH�

ZRXOG�ILJXUH�WKH�QXPEHU�RI�K\SRWKHWLFDO�IXQGDPHQWDO�UHVW�PDVV�TXDQWD�SHU�YROXPH�RI�

VXFK�TXDQWD��WLJKWO\�SDFNHG���8VLQJ�D�SDFNLQJ�V\VWHP�RI�RQH�VSKHUH�ZLWK�WZHOYH�

FRQWDFWLQJ�LGHQWLFDO�VSKHUHV��DQG�GLVUHJDUGLQJ�DQ\�H[SDQVLYH�HIIHFWV�RI�VSLQ��FKDUJH��HWF���

ZH�FDQ�FRPSXWH�WKH�WKHRUHWLFDO�PD[LPXP�GHQVLW\�DQG�ILQG�WKDW�LW�HTXDOV�URXJKO\�

� �� ���������� �� � � �x quanta m � ������

�

,QYHUWLQJ�WKH�QHXWURQ�PDVV�JLYHV�WKH�QXPEHU�RI�VXFK�TXDQWD�SHU�NLORJUDP�RU��

� ����������� �� � � �x quanta kg � �������

IRU�D�PD[LPXP�WKHRUHWLFDO�GHQVLW\�RI��

� �� ���������� �� � � �x kg m � �������

RU�D�GHQVLW\�SHU�VSKHUH�RI�RQH�PHWHU�UDGLXV�
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)URP�WKLV�ZH�FDQ�ILQG�D�WKUHVKROG�EODFN�KROH�PDVV��Mkg,TBH�IRU�DQ�DJJUHJDWLRQ�RI�TXDQWD�

E\�XVLQJ�WKH�IROORZLQJ�IRU�D�IODW�(XFOLGHDQ�VSDFH��ZKHUH�r0D[�LV�WKH�UHGXFHG�
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ZKLFK�XVLQJ�WKH�DERYH�GHQVLW\�JLYHV�XV�WKH�HYDOXDWLRQV�LQ�WKH�IROORZLQJ�WDEOH�RU�

DSSUR[LPDWHO\�WZR�VRODU�PDVVHV�IRU�WKH�WKUHVKROG����

�

+HUH�LQ�FROXPQ����IURP�HTXDWLRQ��������ZH�FRPSXWH�WKH�r0D[�IRU�YDULRXV�FHOHVWLDO�ERGLHV��

(DUWK��6XQ��0LON\�:D\�JDODFWLF�%+�DQG�9LUJR�FOXVWHU�%+��DQG�LQFOXGH�WKH�WKHRUHWLFDO�

WKUHVKROG�VL]H�EODFN�KROH�DQG�WKH�8QLYHUVH��DV�OLVWHG�LQ�FROXPQ�����³)ODW�6SDFHWLPH´�GRHV�

QRW�VSHFLI\�WKDW�WKH�SHUWLQHQW�ERG\�KDV�QR�FXUYDWXUH�HIIHFW�RQ�WKH�VXUURXQGLQJ�VSDFHWLPH��

EXW�UDWKHU�WKDW�WKH�FXUYDWXUH�RI�LQGLYLGXDO�TXDQWD��L�H��TXDQWXP�JUDYLW\��LV�QRW�HIIHFWHG�E\�
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WKH�DJJUHJDWH�PDVV�DQG�UHPDLQV�WKH�VDPH�DV�IRU�DQ�LQGLYLGXDO�TXDQWXP�LQ�LVRODWLRQ�LQ�IODW�

VSDFHWLPH��L�H��WKHUH�LV�QR�DVVXPHG�FROODSVH�RI�HDFK�TXDQWXP�ZDYHIRUP�WRZDUG�D�

TXDQWXP�VLQJXODULW\��WKRXJK�WKHUH�PD\�EH�D�VWDWH�VLPLODU�WR�D�%RVH�(LQVWHLQ�FRQGHQVDWH���

7KH�IRXUWK�FROXPQ�JLYHV�WKH�UHGXFHG�FLUFXPIHUHQFH�DW�WKH�KRUL]RQ�RI�DQ�H[WUHPH��FKDUJH�

IUHH��.HUU�EODFN�KROH�DFFRUGLQJ�WR�WKH�FRQYHQWLRQDO�LQWHUSUHWDWLRQ�RI�JHQHUDO�UHODWLYLW\���

7KH�ILIWK�FROXPQ�VLPSO\�PDNHV�H[SOLFLW�ZKHWKHU�WKH�WKLUG�FROXPQ�ILJXUH�UHVLGHV�ZLWKLQ�

WKH�IRXUWK���7KLV�LQGLFDWHV�WKDW�WKH�UHVW�PDVV�TXDQWD�LQVLGH�D�EODFN�KROH�KRUL]RQ�FRXOG�

FRQJUHJDWH�DW�PD[LPXP�GHQVLW\�ZLWKRXW�SUHFLSLWDWLQJ�D�VLQJXODULW\��

�
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Table 2 - Chart of Various Celestial Mass Geometrizations 

�



� ��

2I�LQWHUHVW�LV�WKH�IDFW�WKDW�WKH�XQLYHUVH�DSSHDUV�WR�EH�ZLWKLQ�LWV�RZQ�KRUL]RQ��ZKLFK�

FRQYHQWLRQDOO\�ZRXOG�WHQG�WR�LPSO\�WKDW�LWV�FRQVWLWXHQWV�VKRXOG�EH�FRQWUDFWLQJ��DQG�WKDW�

WKHUH�DUH�EODFN�KROHV�ZLWKLQ�EODFN�KROHV���$OVR�WKH�PDVV�LQ�PHWHUV�EHLQJ�HTXDO�WR�WKH�

UHSXWHG�DJH�RI�WKH�XQLYHUVH�WLPHV�WKH�VSHHG�RI�OLJKW�VHHPV�D�ELW�VHUHQGLSLWRXV�XQOHVV�RI�

FRXUVH�WKDW�PDVV��L�H��WKH�QXPEHU�RI�FXUUHQWO\�WKHRUL]HG�QXFOHRQV��ZDV�HVWLPDWHG�XVLQJ�WKH�

DERYH�JHRPHWUL]DWLRQ�HTXDWLRQ���%XW�WKLV�ILJXUH�LV�QRW�WKH�FXUUHQWO\�HVWLPDWHG�H[WHQW�RI�WKH�

XQLYHUVH��ZKLFK�KDV�D�ORZHU�HQG�UDQJH�RI�����ELOOLRQ�OLJKW�\HDUV�RU����*SF�DFFRUGLQJ�WR�D�

VWXG\�E\�&RUQLVK��HW�DO�>�@��)LQDOO\�LW�LV�QRWHG�WKDW�WKH�K\SRWKHWLFDO�PDVV�RI�WKH�NQRZQ�

XQLYHUVH�DW�PD[LPXP�GHQVLW\�DQG�D�UDGLXV�RI�����PLOOLRQ�NLORPHWHUV��ZRXOG�ILW�LQVLGH�WKH�

HDUWK¶V�VRODU�RUELW�LQ�IODW�VSDFHWLPH����

�

6 – The Quantum Metric 
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:H�WXUQ�QRZ�WR�WKH�PHWULF��VSHFLILFDOO\�D�FKDUJHOHVV�H[WUHPH�.HUU�PHWULF�LQ�WKH�HTXDWRULDO�

SODQH��WKH�I�FRRUGLQDWHV�DUH�VXSSUHVVHG���LQ�ZKLFK�WKH�DQJXODU�PRPHQWXP�SDUDPHWHU��a��LV�

HTXDO�WR�WKH�KRUL]RQ�UHGXFHG�FLUFXPIHUHQFH�DQG�WKH�JHRPHWUL]HG�PDVV��RU� h la r M  ���
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:H�PDNH�WKH�IROORZLQJ�REVHUYDWLRQ�FRQFHUQLQJ�WKH� �dr �WHUP���:KLOH�WKH�FRQYHQWLRQDO�

LQWHUSUHWDWLRQ�LV�WKDW�WKH�WHUP�JRHV�WR�LQILQLW\�DV�WKH�GHQRPLQDWRU�DSSURDFKHV�]HUR��DQG�

DQ\�LQIDOOLQJ�WHVW�SDUWLFOH�WUDQVLWV�WKH�KRUL]RQ��WKH�PDWK�FDQ�DOVR�EH�LQWHUSUHWHG�LQ�WHUPV�RI�

D�OLPLW�IRU�UDGLDO�PRWLRQ���$�PDWKHPDWLFDO�FRQIODWLRQ�LV�DW�ZRUN�LQ�WKH�IRUPXODWLRQ��VLQFH�

WKH�GLIIHUHQWLDOV�DUH�GHHPHG�WR�DSSURDFK�]HUR�LQ�WKH�OLPLW��EXW�DUH�HIIHFWLYHO\�WUHDWHG�DV�

GLPHQVLRQDO�XQLWV��L�H��HTXDO�WR�RQH�RI�VRPH�LQILQLWHVLPDO�VFDOH���7KLV�LV�QHFHVVDU\�VLQFH�

WKH�SURGXFW�RI�D�QRQ�]HUR�FR�HIILFLHQW�DQG�D�]HUR�GLIIHUHQWLDO�DW�WKH�OLPLW�ZRXOG�EH�]HUR���

7KLV�LV�ZDUUDQWHG�VLQFH�ZH�ILQG�D�VLPLODU�QRQ�]HUR�GLIIHUHQWLDO�ZLWKRXW�D�FRHIILFLHQW�RQ�WKH�

OHIW�VLGH�RI�WKH�HTXDWLRQ����

�

7KLV�LV�FRQWUDGLFWHG��KRZHYHU��LI�WKH�PHWULF�FRPSRQHQW�UHSUHVHQWHG�E\�WKH�GLIIHUHQWLDO�KDV�

D�QDWXUDO�OLPLW�ZKHUH�LW�LV�QHFHVVDULO\�]HUR���7KXV�LI�WKH�KRUL]RQ�LQ�DQ�H[WUHPH�.HUU�

VSDFHWLPH�UHSUHVHQWV�WKDW�OLPLW��dr�HTXDOV�]HUR�DW�WKH�OLPLW�RI�WKDW�KRUL]RQ�FRLQFLGHQW�ZLWK�

WKH�WHUP�LQ�WKH�GHQRPLQDWRU��WKH�FRHIILFLHQW�DQG�WKH�GLIIHUHQWLDO�FDQFHO���7KH�UHVXOW�LV�

VLPSO\����DV�VKRZQ�EHORZ��ZKLFK�ZKHQ�IDFWRUHG�JLYHV�DQ�LPDJLQDU\�RU�RUWKRJRQDO�VHQVH��

L�H��LW�URWDWHV�DQ\�GLIIHUHQWLDO�FKDQJH�LQWR�WDQJHQF\���7KH�KRUL]RQ��WKHQ��LV�HIIHFWLYHO\�D�

SK\VLFDO�DV\PSWRWH���7KXV�DW�WKH�HYHQW�KRUL]RQ��ZKHUH� h lr r M  �WKLV�VLPSOLILHV�WR��

� � � � � � �� � �� � � �� � �h hd dt r dtd r d dr idt i r d idrW T T T � � � �  � � � ������

7KLV�FDQ�EH�IDFWRUHG�DV�D�FRPSOH[�QXPEHU�DQG�LWV�FRQMXJDWH�

� � � � � � � � �� � �h hd idt i r d i idr idt i r d i idrW T T � � � �ª º ª º¬ ¼ ¬ ¼ � ������

RU�FDQ�EH�VLPSOLILHG�DV�IROORZV���

� � � � �� � �h h h hd idt i r d dr idt i r d drW T T � � � �ª º ª º¬ ¼ ¬ ¼ � ������
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ZKHUH� hr �LV�WKH�UHGXFHG�FLUFXPIHUHQFH�DW�WKH�KRUL]RQ�DQG� �hdr  �LV�D�]HUR�YHFWRU�ZLWK�

UHVSHFW�WR�WKH�UDGLDO��JLYLQJ�D�SURSHU�WLPH�RI�

� � �� hd i dt r dW T r � � ������

�

,I�ZH�DVVXPH�WKDW�IRU�ERRNNHHSHU�WLPH�WKH�GLIIHUHQWLDO�LV�LQ�WKH�SODQH�RI�WKH�KRUL]RQ��DQG�

WLPH�DV�GHYHORSHG�HDUOLHU�IORZV�ZLWK�WKH�URWDWLRQDO�PRWLRQ�RI�WKH�HUJRVSKHUH��VR�WKDW�

� hdt r dT � ������

WKHQ�WKH�SURSHU�WLPH�LV�IRXQG�WR�IORZ�RUWKRJRQDOO\�WR�WKDW�URWDWLRQDO�PRWLRQ��LQWR�WKH�

QHJDWLYH�DQG�SRVLWLYH�I�FRRUGLQDWHV��VLQFH�

� d idtW  B � ������

7KLV�ZLOO�EH�VLJQLILFDQW�LQ�RXU�VWDWHPHQW�RI�WKH�TXDQWXP�PHWULF��

�

)URP�WKLV�SHUVSHFWLYH��DW�WKH�VWDWLF�OLPLW�DQG�WKH�VWDUW�RI�WKH�HUJRVSKHUH��ZKHUH� � lr M ��

SXUH�UDGLDO�PRWLRQ�LV�QR�ORQJHU�SRVVLEOH��DQG�D�URWDWLRQDO�FRPSRQHQW�RU�IUDPH�GUDJJLQJ�

HOHPHQW�LV�LQMHFWHG�LQWR�WKH�HTXDWLRQ�VR�WKDW�DW�WKH�HYHQW�KRUL]RQ��DOO�PRWLRQ�LV�URWDWLRQDO�

DV�LQGLFDWHG�E\�WKH�³LPDJLQDU\´�RU�RUWKRJRQDO�VHQVHV��1RWH�WKDW�LI�ZH�FRQVLGHU�VSDFHWLPH�

DV�DQ�LQHUWLR�HODVWLF�FRQWLQXXP��IUDPH�GUDJJLQJ�LV�VLPSO\�WKH�ZDYH�VWUDLQ�DVVRFLDWHG�ZLWK�

D�URWDWLRQDO�ZDYHIRUP��EH�LW�PDFURFRVPLF�RU�TXDQWXP���,QVWHDG�RI�JUDYLWDWLRQDO�FROODSVH��

WKLV�DUJXHV�WKDW�DQ\�LQFUHPHQWDO�PDWWHU�RU�OLJKW�DFFUXLQJ�WR�WKH�LQHUWLDO�VLQN�LV�VPHDUHG�RXW�

DQG�ERXQG�DW�WKH�KRUL]RQ�LQ�D�VWDWH�UHVHPEOLQJ�D�%RVH�(LQVWHLQ�FRQGHQVDWH��

�

:H�QRZ�JHW�WR�WKH�PHDW�RI�WKH�PDWWHU�ZLWK�DQ�H[SUHVVLRQ�RI�WKH�TXDQWXP�PHWULF���7KH�

G\QDPLFV�RI�WKH�TXDQWXP�ZDYHIRUP�LV�QRW�H[WUHPHO\�FRPSOLFDWHG��EXW�LW�GRHV�LQYROYH�
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VRPH�UDWKHU�OHQJWK\��QRQ�VWDQGDUG�DQDO\VLV�XVLQJ�PHWKRGV�RI�FRPSOH[�FODVVLFDO�ZDYH�

SK\VLFV�H[WHQGHG�WR���GLPHQVLRQV��DQG�LV�EH\RQG�WKH�VFRSH�RI�WKH�SUHVHQW�GLVFXVVLRQ���:H�

ZLOO�VLPSO\�VWDWH�WKDW�LWV�NLQHPDWLFV�SUHYHQW�WKH�RULHQWDWLRQ�HQWDQJOHPHQW�FRQGLWLRQ���

�

:LWK�UHIHUHQFH�WR�4XDQWXP�,QHUWLDO�6LQN�'LDJUDP����WKH�WLPHOLNH�TXDQWXP�PHWULF�LV�JLYHQ�

DV�D�PRGLILHG�FKDUJHOHVV�H[WUHPH�.HUU�PHWULF���7KH�PRGLILFDWLRQ�LV�LQ�WKH�I�FRRUGLQDWHV�DV�

VKRZQ�KHUH��ZKHUH�WKH�TXDQWXP�PDVV�KDV�EHHQ�H[SOLFLWO\�JHRPHWUL]HG�DV� �nr �����
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7KH�FDYHDW�VWDWHG�DERYH�FRQFHUQLQJ�WKH�OLPLW�RI�UDGLDO�PRWLRQ�UHSUHVHQWHG�E\� �nr UHPDLQV���

,Q�WKH�ODVW�WHUP��WKH�FRPSOH[�H[SRQHQWLDO�LV�GHILQHG�DV�
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(LWKHU�WKH�UHDO�RU�WKH�LPDJLQDU\�SDUW�FRXOG�RI�FRXUVH�EH�XVHG���7KH�ccw�WHUP�LQGLFDWHV�

URWDWLRQ�LQ�WKH�XSSHU�KHPLVSKHUH�DFFRUGLQJ�WR�WKH�ULJKW�KDQG�UXOH��ZKLOH�WKH�cw�WHUP�

LQGLFDWHV�FORFNZLVH�URWDWLRQ�LQ�WKH�ERWWRP�KHPLVSKHUH�DFFRUGLQJ�WR�WKH�OHIW�KDQG�UXOH��

ZKHQ�YLHZHG�IURP�WKH�H[WHULRU�RI�WKH�FRUUHVSRQGLQJ�URWDWLRQDO�SROH����

�

7KH�SOXV�DQG�PLQXV�FXUO\�EUDFNHW�KDV�WKH�IROORZLQJ�GHILQLWLRQ�DQG�LQGLFDWHV�D�IOLSSLQJ�RI�

WKH�VLJQ�RI�WKH�dI��YHFWRU��ZLWK�HYHU\�S�URWDWLRQ�RI�T��SOXV�EHLQJ�SDUDOOHO�DQG�PLQXV�EHLQJ�
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DQWL�SDUDOOHO�ZLWK�UHVSHFW�WR�WKH�5+5�VSLQ�D[LDO�YHFWRU���,W�WKXV�SHUIRUPV�D�IXQFWLRQ�

VLPLODU�WR�D�PDWKHPDWLFDO�VSLQ�PDWUL[����
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2EYLRXVO\��T�DQG�I�URWDWH�DW�WKH�VDPH�IUHTXHQF\��ZLWK�WKH�D[LV�RI�WKH�I�URWDWLRQ�URWDWLQJ�LQ�

WKH�HTXDWRULDO�SODQH���7KLV�PRWLRQ�DYRLGV�WKH�RULHQWDWLRQ�HQWDQJOHPHQW�FRQGLWLRQ�DQG�LV�

QHFHVVLWDWHG�E\�WKH�DVVXPHG�FRQWLQXLW\�FRQGLWLRQ�RI�D�FODVVLFDO�VSDFHWLPH�FRQWLQXXP�DQG�

WKH�GHQVLW\�SURSHUW\�SRVWXODWHG�LQ�WKLV�GHYHORSPHQW���:KHQ�DQDO\]HG�LW�LV�DSSDUHQW�WKDW�

WKH�PRWLRQ�LV�WKDW�RI�D�WUDQVYHUVH�ZDYH�WUDYHOLQJ�LQ�WLJKW�RUELW�DURXQG�WKH�VSLQ�D[LV��LWV�

DPSOLWXGHV�LQFOLQHG�WRZDUG�WKH�SROHV��DQDORJRXV�WR�D�JUDYLWDWLRQDOO\�ERXQG��

HOHFWURPDJQHWLF�ZDYH��DQG�LQ�IDFW�FRQVWLWXWHV�WKH�PDJQHWLF�ILHOG�RI�WKH�TXDQWXP����

�

7KLV�GLDJUDP�LV�D�FURVV�VHFWLRQ�WKURXJK�WKH�VSLQ�D[LV�DQG�VKRZV�WKH�UHODWLRQVKLS�RI�WKH�

VWDWLF�OLPLW��WKH�HUJRVSKHUH��DQG�WKH�KRUL]RQ���7KH�HUJRVSKHUH�LV�WKH�GRPDLQ�RI�WKH�VWURQJ�

LQWHUDFWLRQ���7KH�WUDQVYHUVH�RU�I�GLIIHUHQWLDO�LV�OLPLWHG�LQ�LWV�PRWLRQ�WRZDUG�WKH�VSLQ�SROHV�

WR�WKH�SRLQW�RQ�WKH�VWDWLF�OLPLW�ZKHUH�L� ������

�

7KH�PHWULF�VLPSOLILHV�DW�WKH�KRUL]RQ�ZLWK�QR�UDGLDO�PRWLRQ�DV��

� � �^ `� � � � � � �
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Quantum Inertial Sink 1
Figure 14 �
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)URP�WKLV�GLDJUDP�ZH�KDYH�WKH�IROORZLQJ�FRHIILFLHQW�FRPSRQHQW�IRU�I�DORQJ�WKH�

PHULGLDQV�DW�WKH�VWDWLF�OLPLW�
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6XEVWLWXWLQJ�WKLV�LQ�HTXDWLRQ��������VLPSOLILHV�DW�WKH�KRUL]RQ�DORQJ�WKH�HTXDWRULDO�SODQH�RI�

D�IL[HG�VSLQ�D[LV�ZKHUH� FRV �E  ��DV��
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JLYLQJ�WKH�IXQGDPHQWDO�V\PPHWU\�

� � �d dV W{ � � �������

DQG�IRU�WKH�SURSHU�WLPH�DQG�VSDFH��LQGLFDWLQJ�WKH�RUWKRJRQDO�QDWXUH�RI�VSDFH�DQG�WLPH��
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7KLV�FDQ�EH�UHSUHVHQWHG�E\�WKH�IROORZLQJ�DQWL�V\PPHWULF�RUWKRQRUPDO�PDWUL[�DW�r����

'LUHFWLRQ�RI�RUWKR�QRUPDO�YHFWRU�dxi�ZLWK�UHVSHFW�WR��

;�$[LV� <�$[LV� =�$[LV�

;� ���� �� �rdT� VLQr tdZ I� �

<� ���� �rdT� �� FRVr tdZ I� �

=� ���� VLQr tdZ I� � FRVr tdZ I� � ��

;� ���� �� �rdT� VLQr tdZ I� �

<� ���� �rdT� �� FRVr tdZ I� �

9
HF
WR
U�d

x i�
RU
LJ
LQ
DW
LQ
J�
DW
�

=� ���� VLQr tdZ I� � FRVr tdZ I� � ��

Table 3 - Quantum Anti-Symmetric Orthonormal Matrix at r0 

 

,Q�WKH�SUHVHQFH�RI�DQ�DQWL�SDUDOOHO�H[WHUQDO�PDJQHWLF�ILHOG�DV�VKRZQ�LQ�4XDQWXP�,QHUWLDO�

6SLQ�'LDJUDP����WKH�TXDQWXP�VSLQ�D[LV�LQFOLQHV�WRZDUG�WKH�HTXDWRULDO�SODQH�DQG�SUHFHVVHV�

DERXW�LWV�LQLWLDO�SRVLWLRQ���7KH�UHVXOWLQJ�FRHIILFLHQWV�RI�ò�VSLQ�FDQ�EH�VHHQ�KHUH���1RWH�DOVR�

WKDW�WKH�+HLVHQEHUJ�³REVHUYDWLRQDO´�XQFHUWDLQW\�LV�OLPLWHG�E\�WKH�LQYHUVH�FXUYDWXUH�RI�WKH�

KRUL]RQ�WR��

� �
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4XDQWXP�,QHUWLDO�6LQN��
)LJXUH���

�

�

�

Full Model Development 

�

7KLV�PRGHO�LV�HOVHZKHUH�PRUH�IXOO\�GHYHORSHG�DQG�SUHVHQWHG�DV�WKH���'�UHSUHVHQWDWLRQ�RI�
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